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1. Introduction 

The theory of motivic cohomology for smooth schemes over a base field is a well 
established one. It is a powerful computational tool with ramifications for many 
branches of algebra, algebraic and arithmetic geometry: quadratic forms, algebraic 
JiT-theory, special values of L-functions, to name a few. The success of this theory 
is best exemplified by its fundamental role in Voevodsky's resolution of the Milnor 
Conjectures |Voe03| . 

The purpose of this article is to generalize Suslin and Voevodsky's construction 
of motivic cohomology [VSFOO] . especially Voevodsky's machinery of presheaves 
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with transfers jVoeOOj . to the equivariant setting of smooth schemes over a field 
equipped with an action of a finite group G (and \G\ coprime to char(fc)). 

Using Totaro's construction |Tot99j of an algebro-geometric version of the clas- 
sifying space of an algebraic group, Edidin-Graham |EG98| have constructed an 
equivariant version of Bloch's higher Chow groups. This theory has proved to 
be interesting, amongst other reasons, for its connection to equivariant algebraic 
ii'-theory and the equivariant Riemann-Roch theorem |EGOO| IEG08J . These equi- 
variant higher Chow groups are an algebro-geometric version of topological Borel 
cohomology. Our construction follows a different route altogether and results in a 
more refined Bredon style cohomology theory. These Bredon motivic cohomology 
groups form a new set of invariants for smooth schemes with G-action. As a first 
indication that the Bredon motivic cohomology theory we construct is a refinement 
of equivariant higher Chow groups, we note that the former is equipped with a 
grading by the representations of G while the latter is graded by integers. In fact in 
Section 15.31 we construct a comparison map from our Bredon motivic cohomology 
to the equivariant higher Chow groups. This comparison map will be the focus 
of a sequel paper, where we establish a Beilinson-Lichtenbaum type comparison 
theorem relating the two theories. 

We define our theory via hypercohomology in the equivariant Nisnevich topol- 
ogy on smooth G-schemes. The equivariant Nisnevich topology was introduced in 
[HKOll] . where it was used to study Hermitian X-theory. A surjective, equivariant 
etale map f : Y ^ X is an equivariant Nisnevich cover if for each point x € X 
there is a point y G Y such that / induces an isomorphism k(x) = k{y) on residue 
fields and an isomorphism Gy = Gx on set-theoretic stabilizers. A different general- 
ization of the Nisnevich topology was introduced in |Her| , the fixed point Nisnevich 
topology. A cover in this topology is as above but with the requirement that / 
induce an isomorphism ly ^ I^ on scheme-theoretic stabilizers rather than the set- 
theoretic ones. (An equivalent formulation is that for each subgroup H , the map 
on fixed points f^ : Y^ — ^ X^ is a Nisnevich cover.) We focus on the equivariant 
Nisnevich topology in the present work for two reasons. One is that equivariant 
algebraic X-theory satisfies descent for all equivariant Nisnevich covers but does 
not satisfy descent for every fixed point Nisnevich cover. The second is that the 
fixed point Nisnevich topology does not behave well with respect to transfers, see 
Example 14.91 

A prcshcaf with equivariant transfers is a presheaf F of abelian groups on smooth 
G-schcmcs which are equipped with functorial maps Z* : F{Y) -^ F{X) for finite 
equivariant correspondences Z between X and Y. The presheaf with equivariant 
transfers that is represented by X is denoted by Ztr,G{X)- We then define equi- 
variant motivic complexes Zcin), which are the result of the A^-singular chains on 
Ztr,G{Pik[G]"- © l))/Ztr,G(IP'('fc[G]"), where k[G] is the regular representation. Bre- 
don motivic cohomology is defined as equivariant Nisnevich hypercohomology with 
coefficients in the complex Zq (n) . In light of the equivariant Dold-Thom theorem 
[dS03| . our construction is analogous to the topological Bredon cohomology with 
coefficients in the constant Mackey functor Z. Our setup is however flexible enough 
to allow for more sophisticated coefficient systems. The benefit of allowing Mackey 
functor coefficients is well understood in topology. As explained in Section [5. 2[ we 
have an embedding of cohomological Mackey functors into our category. 
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In order to establish the fundamental properties of our theory we generalize to the 
equivariant setting Voevodsky's techniques for analyzing the cohomological behav- 
ior of prcsheaves with transfers. Most of the paper is focused on the generalization 
of this machinery. A more detailed study of the Bredon motivic cohomology groups 
themselves as well as versions with other coefficient systems, especially i^-theory, 
will appear in a sequel paper. Our motivating examples are when G = Z/2, but we 
establish the results here in a greater generality. The full theory as developed here 
works best for abelian groups over an algebraically closed field (the case G = Z/2 
does not require this assumption) , though we anticipate further generalizations are 
possible. We explain the source of these two limitations. 

The first difficulty arises from the question of existence of equivariant triples. 
We refer to Section [8] for a precise definition of an equivariant triple, but point out 
here that it is in particular a smooth equivariant relative curve X -^ S between 
smooth G-schcmcs. A typical step in several key arguments used in the course 
of establishing the homotopy invariance result is that in order to establish an iso- 
morphism of sheaves with equivariant transfers it suffices to show the isomorphism 
on zero dimensional, essentially smooth G-schemes. The methods we use in this 
paper can establish this reduction step only in the presence of a good supply of 
equivariant triples. More precisely, if a; S AT is a point, there should be an invariant 
open neighborhood [/ C A of x and a smooth G-scheme S such that C/ — > S" is a 
smooth equivariant curve. As a simple illustrative example, consider an irreducible 
two dimensional representation V viewed as smooth G-scheme: no invariant neigh- 
borhood of the origin can fit into a smooth curve (else consideration of the map 
on tangent representations shows that V would have a one-dimensional subrepre- 
sentation). Wc arc able to establish the existence of equivariant triples around an 
arbitrary point when G is abelian. and this is the best that can be done regarding 
equivariant triples. 

The method wc use to prove the homotopy invariance for the higher cohomology 
relics on using the local structure of a smooth G-scheme to determine the local be- 
havior of the cohomology groups in terms of certain equivariant contractions. Our 
second technical problem is to understand the equivariant Nisnevich local struc- 
ture of a smooth G-scheme: this topology is sensitive to the local equivariant and 
representation theoretic structure, both of which can be very complex. The pres- 
ence of "twisted orbits" in general makes the local equivariant Nisnevich structure of 
smooth G-schemes around nonrational closed points rather subtle. By a "twisted or- 
bit" wc mean a finite cquivariantly irreducible smooth G-sct which is not isomorphic 
to G/ H for any subgroup (consider the smooth Z/2-schcmc Spec(C) — !• Spcc(IR) 
over Spec(K)). The local representation theoretic structure is the tangent represen- 
tation TJeA, a representation of Ix over k{x). Nonequivariantly the analysis of the 
local structure around a point a; S A of a smooth rf-dimensional scheme begins with 
an open C/ C A and an etale map to [/ — > A**. Then [/ is a Nisnevich neighborhood 
of a; S A and of g A"* and ultimately we have an isomorphism 0\ ^ = O^^ p of 
Hensel local rings. Equivariantly, this strategy presents some difficulties. If there 
is no representation of V over k such that T^X ~ 14(2,), one can't put a linear 
action on A'' in such a way as to obtain T^X = T|o}Aw^-, as representations. Even 
when the representation T^X can be defined over k, U will only be /a;-cquivariant. 
To obtain something G-equi variant, one is led to consider (G x U)/Ix — > A but 
this does not provide a Nisnevich neighborhood of x in general. At x this map is 
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G/Ix X {x} — > G • a; and if the orbit G • a; is twisted then this map does not admit 
an equivariant splitting. Around rational points, both difficulties disappear and 
we have a good enough understanding of this local structure in order to carry this 
program out around rational points, consequently around any closed point when 
the base field is algebraically closed. When G = Z/2, representations are defined 
everywhere and the first difficulty disappears even over a nonalgebraically closed 
field. The difficulty of twisted orbits also disappears in this case, ultimately tied to 
the fact that the complement of the fixed points has free action. 

Many arguments appearing here follow along the lines of the corresponding 
nonequivariant arguments. However, as the previously mentioned technical prob- 
lems show, it is rather nontrivial to make this theory work. In writing the proofs, 
an emphasis is placed on details which are not the same as in the nonequivari- 
ant case. In order for this paper to be readable to the reader somewhat familiar 
with the material in jVoeOOj or |MVW06"| , without the need to excessively flip back 
and forth between loc. cite, and the present work, we have chosen in a number of 
places to include arguments which are similar to their nonequivariant counterparts 
in jVoeOOj and |MVW06j . 

Our main theorem, Theorem llO.Sl is an equivariant version of Voevodsky's Can- 
cellation Theorem requires that G = Z/2. The Cancellation Theorem is an algebro- 
geometric version of the familiar suspension isomorphism in singular cohomology of 
topological spaces. It asserts that in motivic cohomology, we can cancel suspension 
factors of the algebro-geometric sphere Gm- In our equivariant version, the Gm is 
equipped with a G-action. To establish the Cancellation Theorem we modify Vo- 
evodsky's proof |VoelOa| . However, parts of these arguments seem to only work in 
the presence of a group action on Gm that is compatible with the group structure 
on G„i. For Z/2, the action x i~> x~^ satisfies this requirement. 

Theorem 1.1. Let X be a smooth 'L/2-scheme over a perfect field k. Then 

H^j^jX, CAr^Y)) = H^^,^{X A G, CArMY A G)) 

where G is one of the '1,/2-schenies, Gm with the trivial action or Gm with the 
action x M- x~^ . 

Other main results are as follows. The first is a new form of equivariant Suslin- 
Gabbcr rigidity in Theorems 17.21 and 17.41 valid for presheaves with equivariant 
transfers. 



Theorem 1.2. Let F be a homotopy invariant presheaf with equivariant transfers 
on GSm/k, over a field k. Suppose that F is torsion, coprime to char(fc). Let 
S ~ Spcc{0!^ Q^,) be the Henselization of a smooth G-scheme at a closed orbit. 

(1) Let X —^ S a smooth affine G-scheme of relative dimension one admitting 
an equivariant good compactification. Then gl = g2 '■ Fi^) ~^ ^iS) Jot 
any two equivariant sections gi,g2 '■ S ^>- X are two equivariant sections 
which coincide on the closed orbit of S . 

(2) If w ^ W is a rational point such that the I^ -representation TxX decom- 
poses into a sum of one dimensional representations then 

F{Gx) ^ FiO'k^a.) 
is an isomorphism. 
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Equivariant versions of Suslin-Gabber rigidity have been treated for equivariant 
iiT-theory in |Y0O9] and jKrilOj . Unlike in those cases, which involved points with 
trivial stabilizers, the result we prove here is valid around points with nontrivial 
stabilizers. 

The next is Theorem 18.191 which provides a Mayer- Vietoris exact sequence for 
certain special equivariant Nisnevich covers. This has important consequences. It 
in particular allows for the computation of the equivariant Nisnevich cohomology of 
open invariant subsets of G-line bundles over smooth zero dimensional G-schemes, 
see Theorem 18. 191 which is the precursor to the homotopy invariance theorem. 

In Theorem 19. 131 we establish our homotopy invariance result. 

Theorem 1.3. Let either G be an abelian group and k algebraically closed field or 
G ~ Z/2 and k a perfect field. If F be a homotopy invariant presheaf with equi- 
variant transfers on GSm/fc. Then H^j^^^{~, Fqnis) is also homotopy invariant 
presheaf with equivariant transfers. 

We mention a few technical results that may be of independent interest. In 
Section 12.151 we establish a Bertini-type result for equivariant linear projections, 
these are used later in the construction of equivariant triples. We establish an equi- 
variant version of Gabber's base change theorem in etale cohomology in Theorem 
12.101 which is used in the course of the proof of the rigidity theorem. Finally in 
Section 13.21 we show that the points of the equivariant Nisnevich topology are the 
Henselizations O^ q^ of smooth G-schemes along orbits Gx of points of X. 

Lastly we mention that several other constructions of equivariant cohomology 
theories related to algebraic cycles exist. There is for example work of Lawson, 
Lima-Filho, and Michelson jLLFM96| . Joshua }Jos07| . and Levine-Serpe }LS08j . 
It would be interesting to sec how these different constructions relate to the one 
carried out here. 

An outline of this paper is as follows. In Section [5] we record results about 
G-schemes, equivariant divisors, bundles, and cohomology that we need in later 
sections. In Section [3] we recall the equivariant Nisnevich topology and establish 
some of its basic properties. In Section |4] we introduce equivariant finite corre- 
spondences and presheaves with equivariant transfers. We formally define Bredon 
motivic cohomology in Section[5]and using the machinery developed in later sections 
we establish properties and some computations. For example we identify the weight 
zero complex with Z and the complexes associated to one dimensional representa- 
tions with (0*)'^[— 1]. (That this complex does not depend on the representation 
type is special to dimension one, in higher dimensions distinct representations yield 
complexes which are not quasi- isomorphic) . We relate equivariant transfers and 
equivariant divisors in Section |4l in particular in Theorem 16.121 we compute the 
equivariant Suslin homology of equivariant affine curves. Next we establish rigid- 
ity properties for torsion presheaves with equivariant transfers in Section [T] In 
Section |8] we study equivariant triples and establish a Mayer- Vietoris sequence in 
Theorem 18.191 The homotopy invariance of cohomology is established in Section [HI 
Finally in Section [TU] we establish a Z/2-equivariant generalization of Voevodsky's 
Cancellation Theorem. 

Notations and conventions. Throughout fc is a field, which is assumed to 
be perfect starting in Section [8] and G is a finite group whose order is coprime 
to char(/c). We write GSch/A; (resp. GSm/k) for the category whose objects are 
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schemes of finite type (resp. smooth schem.es) over k equipped with a left action by 
G and morphisms are equi variant morphisms. 

We write A{V) = Spec(Sym(X^^)) for the affinc scheme associated to a vector 
space over k and ¥{V) = Proj(Sym(l/^)) for the associated projective scheme. We 
sometimes write V for both the vector space as wcU as its associated scheme A(l/^). 
Given a subset Z C_ X wc write G ■ Z = [Jg^QgZ for the orbit of Z . It is important 
to distinguish between two types of stabilizer groups of x G X, 

(1) the set-theoretic stabilizer Gx of x, is Gx = {.g G G | gx ~ x} 

(2) the inertia group of x is Ix ~ kcr(G2; — >■ Aut(fc(a;)/fc)). 

2. Schemes with G-action 

In this section we collect several useful facts used throughout this paper about 
schemes with an action of a finite group. 

2.1. Quotients by group actions. Wc first recall some basic facts about quo- 
tients of schemes by finite groups. By a quotient tt : X —¥ X/G wc simply mean 
a categorical quotient. In particular quotients are unique when they exist. If 
X = Spec(y4) then X/G = Spec(^'~^). More generally if X is quasi-projective then 
a quotient ir : X —)' X/G exists. The quotient of a scheme by a finite group satisfies 
the following additional properties: 

(1) TT is finite and surjective, 

(2) the fibers of it are the G-orbits of the G-action on X, and 

(3) Ox/G = ^*0<^. 

Definition 2.1. Say that X is equivariantly irreducible if there is an irreducible 
component Xq of X such that G • Xq = X . 

Let iJ C G be a subgroup and X an H -scheme. The scheme G x X becomes an 
if -scheme under the action h{g, x) = {gh~^, hx) and we define 

Gx" X= {GxX)/H. 

The scheme Gx" X has a left G-action through the action of G on itself. Therefore 
we have a functor Gx" — : HSch/k — > GSch/fc which is left adjoint to the restriction 
functor GSch/fc ^ HSch/k. 

The 7J-action on GxX is free and so tt : GxX — > Gx" X is a principle iJ-bundle. 
In particular, n is etale and surjective. It follows that if X is smooth, then so is 
G x" X. This defines a left adjoint to the restriction functor GSm/fc — > HSm/k, 

Gx" -: HSm/k -^ GSm/fc. 

2.2. G-sheaves and cohomology. Let X be a G-scheme. Write a : G x X —t- X 
for the action map. In this section r will denote one of the Zariski, Nisnevich, 
or etale Grothendicck topologies on X. Roughly speaking, a G-sheaf on X is a 
sheaf which has a G-action which is compatible with the G-action on X. A precise 
definition is as follows. 

Definition 2.2. Let 7^ be a sheaf of abelian groups, in a Grothendicck topology 
T, on X. Write pr2 : G x X — > AT for the projection. 

(1) A G -linearization of J- is an isomorphism (j) : a* J- — )■ pr^J- of sheaves on 
G X X which satisfies the cocyle condition 

b'^23(0)]°[(lxa)*(0)]=(mxl)*(<^) 
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on GxGxX. Here m : G x G — > G is multiplication and pr23 : GxGxX — )• 
G X X is the projection to second and third factors. 

(2) A G-sheaf (in the r-topology) on X is a pair {T, 4>) consisting of a sheaf 
J- on X and a G-linearization (jj of J-. 

(3) A G -module on X is a G-sheaf {Ai, (/)) where Ai is an Ox-nrodule and the 
G-linearization (f) : a* Ai = prjA^ is an isomorphism of Ocxx-modules. 
Similarly a G-vector bundle on X consists of a G-modulc (V, (f)) such that 
V is a locally free Ox-niodule on X. 

We usually write J^ rather than {T, (f) for a G-sheaf or module, leaving the 
G-linearization implicit. 

Remark 2.3. When G is finite, a G-linearization of J-" is equivalent to the data of 
isomorphisms 0g : J- ^ g*A4 for each g € G which are subject to the conditions 
that (fie = id and (pgh = hi,{4>g) o (j)]^ for all g,h €1 G 

A map /:(£,(/)£)—!• (J^, (f)jr) of G-sheaves is a morphism / of sheaves which is 
compatible with the G-linearizations in the sense that cfij- oa* f = prj/ o </>£. Write 
Ahr{G,X) for the category of G-sheaves on X. The category of G-sheaves on X 
has enough injectives, for example one may simply note that it is equivalent to the 
category of r-sheaves on the quotient stack [X/G]. 

Given a G-sheaf A4, the group G acts on the global sections r{X, Ai). We thus 
have a functor F^ : Ahr{G,X) -^ Ab from the category of G-sheaves to abelian 
groups defined by rg(7W) = r{X,A4)^. The r-G-cohomology HP{G; X,Ai) are 
defined as the right derived functors 

HP{G;X,A4)^RPr'^iAi). 

The functor T'^ can be expressed as a composition F^ = (—)'-' o r{X, — ). The 
Grothendieck spectral sequence for this composition yields the convergent spectral 
sequence 

(2.4) E^^'^ = HP{G,H^{X,M)) => HP+^G;X,A4), 

where H*{G, —) is group cohomology. 

Definition 2.5 ([MFK94]). The equivariant Picard group Pic (X) is the group of 
G-line bundles on X, with group operation given by tensor product. 

The following cohomological interpretation of Pic'^(Ar) is well known. 

Theorem 2.6 (Equivariant Hilbert 90). Let X be a G-scheme. 

(1) There is a natural isomorphism 

Pic'' {X)^HlJG;X,0*^). 

(2) There are natural isomorphisms 

Hzar{G\X,0*x) = H^i^{G;X,0*x) = H^^{G;X,0*x). 

Proof. The second item is an immediate consequence of the first together with the 
spectral sequence (j2.4[) . We sketch a proof of the first item. Gonsider the classifying 
topos BG, consisting of G-objects in the topos (Sch/fc)^^^ of Zariski sheaves. The 
category Ah{BG/X) of abelian objects in BG/X is equivalent to Ahzar{G, X) and 
the equivariant cohomology defined above agrees with the cohomology defined in 
the topos BG. Now {BG/X, Ox) is a ringed topos and the category of line bundles 
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for {BG/X, Ox) is equivalent to the category of G-line bundles on X. In general 
if {E, A) is a ringed topos then H^{E; *, A*) is isomorphic to equivalence classes of 
{E, A)-line bundles. Specialized to the case {E, A) = {BG/X, Ox) is the statement 
of the theorem. D 



Theorem 12.61 and the spectral sequence (|2.4p yield the exact sequence 

(2.7) ^ H\G, H°{X, 0*x)) -^ Pic'^(X) ^ (Pic(X))<^ ^ H^{G, H"{X, 0*x)). 

Lemma 2.8. If X is a reduced G-scheme then p* : Pic'^(X) — > Pic'^(X x A^) is 
injective, where p : X x A^ ^s- X is the projection. If X is normal then p* is an 
isomorphism. 

Proof If X is reduced then H°{X,0*x) = i?°(X x A\0*x^^i) and Pic'^(X) -^ 
Pic (X X A^) is injective. If X is normal then it is an isomorphism. The lemma 
then follows from (|2.7p together with the five lemma. D 

We finish by recording an equivariant version of Gabber's proper base change 
theorem for the cohomology of torsion etale G-sheaves, which will be needed to 
establish an equivariant version of Suslin's rigidity theorem in Section [T] 

Definition 2.9 (see e.g., |Ray70| ). Let A be a commutative ring and / C ^ an 
ideal which is contained in the Jacobson radical of A. The pair {A, I) is said to be 
a Henselian pair if the following equivalent conditions are satisfied: 

(1) For all / e A[t] and (3 e A/ 1 such that 7(/3) = and j' {(3) is invertible in 
A/I, then there is a £ A such that a = /3. 

(2) For every finite A-algebra R, Idem(i?) ^ Idem(i?//i?), where Idem(— ) 
denotes the set of idempotcnt elements of a ring. 

(3) For every etale ring map f : A -^ B and p : B ^ A/I fitting into a 
commutative triangle 

B 

A/I^ A, 

p lifts to an A-homomorphism p : B ^ A. 

Theorem 2.10 (Equivariant Proper Base Change). Let {A, I) be a Henselian pair 
with G-action. Let f : Y ^- Spec(A) be a proper equivariant map and define Yq by 
the pull back 

Yn ^Y 



/' 



/ 



Spec(A//) — U> Spec(A). 

Let T be a torsion G-sheaf on Y and write J-q = i*T . Then the restriction map 
induces an isomorphism II^^{G;Y,T) = III^^{G;Yq,J^o). 

Proof. Note that the restriction map i* induces a map of spectral sequences (|2.4p . 
By Gabber's base change theorem jGab941 Corollary 1] the restriction map II^f{Y, T) 
iJgj(yo, J-q) is an isomorphism. Thus the induced comparison map of spectral se- 
quences ()2.4|) is an isomorphism on the £'2-page and it follows that II^^{G; Y, F) = 
H'^^{G;Yo,To). □ 
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2.3. Divisors on G-schemes. The notion of Cartier divisor and rational equiva- 
lence of Cartier divisors admits a straightforward equivariant generalization. 

Definition 2.11. (1) An equivariant Cartier divisor on X is an element of 

T {X , ]C*x / 0*x)^ ■ Write Div (X) for this group with the group law written 
additively. 

(2) A principal equivariant Cartier divisors is defined to be an invariant rational 
funetion on X, that is an element in the image of r(X, /C*)*^. 

(3) Two equivariant Cartier divisors are equivariantly rationally equivalent 
D ^ D' provided that D — D' is principal. Write Div^^j(X) for the group 
of equivariant Cartier divisors modulo rational equivalence. 

Explicitly, a global section of T{X,lCx/Ox) consists of a covering Ui and fi £ 
r(C/i,/C*) such that ft/fj G T{U^ n Uj,0*x) for all ij. To say that {iU^J^)} is 
G-invariant means that {(C^i,/i)} — {{gUi^gfi)} for aU g G G, where gfi is the 
rational function gfi{x) ~ fi{g~^x)). This means that gfi/fj G ^{gUi D Uj,Ox) 
for all i,j and g ^ G. 

Write Z^{X) for the group of codimension one cycles on X. The homomorphism 
eye : Div{X) — >■ Z^{X) is defined by cyc{D) = J^zex^ ordz{D)Z where X^ is the 
set of closed integral codimension one subschcmes. 

Lemma 2.12. Let X he a smooth G-scheme. Then 

cyc:Div{X) -^ Z^{X) 

is an equivariant isomorphism. 

Proof. Note that if I? G Div(A') then ordz{gD) = ordg-iz{D). It follows that eye 
is equivariant. Since X is smooth, eye is an isomorphism. D 

Given an equivariant Cartier divisor the usual construction yields a G-line bun- 
dle. Recall that D = {{Ui, fi)} is a Cartier divisor then the associated line bundle 
0{D) is defined by 0{D)\u- = Ouifi^^- It is straightforward to check that when 
D is an equivariant Cartier divisor then the associated the line bundle 0{D) has a 
canonical G-linearization. We write again 0{D) for the G-line bundle defined by 
this choice of linearization. 

Proposition 2.13. Let X be a regular G-scheme. 

(1) Then the association D i— > 0{D) induces an injective homomorphism 

Div,C;,(X)-^Pic«(X), 

whose image consists of G-line bundles C which admit an equivariant in- 
jection C ^^ ICx ■ 

(2) Suppose that G acts faithfully on X. Then every G-line bundle admits such 
an injection and in particular Y)\Y^^^{X) = Pic {X). 

Proof. The first part is straightforward from the definitions. When X has faith- 
ful action, then H^{G;X,IC*x) = which implies that Div'^(X) -^ Pic'^(X) is 
surjective. D 

When the action isn't faithful, Div^£jj(Ar) C Pic'^(X) can be a proper sub- 
group. For example. Pic (fc) is isomorphic to the character group of G over k 
while Div^„t(fc) = 0. 
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Proposition 2.14. If X is regular then Div,'4t(X x A^) = Bivf^t{X). 

Proof. Let K ^ kcr(G' -^ Aut(X)). Then G/K acts faithfully on X and Div^tiX) = 
Bivf^t^iX). Since Pic'^/-^(X x A^) = Pic'^/-^(X) the proposition follows from 
Proposition [m D 

2.4. Linear projections. The following results on equivariant linear projections 
will be used in Section [5] when we construct equivariant triples. The sheaf of 
differential fi^/^ is a G-vector bundle on X. We define the tangent space TxX = 
i^x x)* '^ ^{^)^ which is naturally an /^^-representation over k{x). 

Below we write Vn = Sym"^ and consider h{V) C K{Vn) via the n-tuple em- 
bedding. 

Lemma 2.15. Let V he a representation of G and X C h.{V) he a smooth closed 
invariant subscheme. Let x Cz X he a rational point, W a G -representation, and 
f : TxX -^ W an I x- equivariant linear map. Then there is a G-equivariant linear 
map (j) : K{V) -> K{W) such that f = d(p\x : TxX -^ W. 

Proof. Consider the diagram 




Ind(T^X 



The G-equivariant map \x\(i{TxX) — !> W^ is induced by / : TxX — ^ W . Similarly 
TxX C V induces hid{TxX) -^ V . We may choose an equivariant map V -^ 
lnd{TxX) so that the composite TxX -^ V ^^ Ind{TxX) agrees with the canonical 
(/j;-equivariant) map. Now the composition V — > Ind(Ta;X) — > W has the required 
properties. D 

Theorem 2.16. Let V he a faithful G -representation over an infinite field k and 
let X C A{V) he a smooth closed affine G-scheme. Let V Q X he an invariant set 
of closed points. Let W he a G -representation such that for each x € V there is an 
Ix-linear projection TxX — S- W. Let Vn = Sym"^. Then for n » 0, a general 
equivariant linear projection A{Vn) -^ A{W) induces a map X — > A{W) which is 
smooth at each point of V . 

Proof. Equivariant projections AiVn) — > A(W^) are parameterized by a Zariski open 
subset of HomG(Ki, VF), which is nonempty for n >> 0. The set of equivariant 
projections inducing a map X — >• A(W) that is smooth at a given orbit is open. 
Therefore it is enough to consider the case when V consists of a single orbit. In the 
general case, once n is sufficiently large, the set of linear projections inducing a map 
X — ^ A{W) which is smooth at orbit of V, can be expressed as the intersection of 
nonempty Zariski open subsets, therefore it is nonempty and because k is infinite 
it has a rational point. Moreover, by descent, it is enough to consider the case V 
is the orbit of a rational point. The previous lemma then implies that there is an 
equivariant projection which is smooth at this orbit. D 
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Theorem 2.17. Let V be a faithful representation over an infinite field k and 
X C V(V) a closed invariant subscheme. Let W be a representation which decom- 
poses into a sum of one- dimensional representations. Then for n » the general 
equivariant linear projection P(Syni"l^) --+ P(M^) has center which intersects X 
properly. 

Proof. Write Vn — Sym"T/. The fc-valucd points of a Zariski open subset of 
H°(F{V),0{n)^W)'^ parameterize equivariant linear projections F{Vn) ---» P(H^). 
The condition that the center of a projection P(Sym"F) --+ P(M^) meets X prop- 
erly is open. It remains to see that there exists such an equivariant projection. 

Write W = W\ © • • • ® VFfc , where each Wi is a one-dimensional representation. 
An equivariant projection p : V^ ^ W \% specified by nonzero equivariant linear 
maps Pi : Vn ^ Wi. The center oi p : Vn ~> W is the intersection r\iP{kci{pi)). 

We claim that there is an integer N such that for any rational orbit G ■ x, 
any n > N, and 1 < i < fc, there is an equivariant projection Pi : Vn ^ Wi 
which does not vanish at x. Assuming this claim, the result then follows. Indeed, 
fix an n > A'' and choose xi G X C F(Vn), where X is embedded via the n- 
fold embedding. By the claim there is a linear projection pi : P{Vn) --+ P(M^i) 
such that X ^ C{pi). This implies that C{pi) intersects X properly. If X was 
zero dimensional, then pi together with any p2,...,Pk satisfy the requirement. 
Otherwise, choose X2 G C{pi) fl X and p2 : P(14) -^ P(M^2) which doesn't vanish 
at X2. Then X n C{pi) fl C{p2) is a proper intersection. Continuing in this way we 
find pi,. . . ,pk such that the center oi p = (Bpi ■ P(Ki) — > P(VF) meets X properly. 

It remains to establish the claim. Let / be the ideal of an orbit G • x in P(l/). 
Equivariant linear projections Vn ^ Wi arc parameterized by H^{¥{V),0{n) 
Wi)'^ and those that vanish on G • x are parameterized by H^{F{V),I{n) (g) W^)*^. 
We have an exact sequence of coherent sheaves 

^ I{n) -> 0{n) -^ {0/I){n) = O/I -^ 0. 

Since \G\ is invertible in k, whenever H^{¥{V),I{n)) = 0, we have a short-exact 
sequence 

^ ff"(P(F),Z(n)®W;,)^ -^ H°{F{V),0{n)(»W^f -^ H"{P{V),0/I(SW^)'^ -^ 0. 

As n grows, the dimension of the middle vector space becomes arbitrarily large 
while the right hand vector space has constant dimensions. Thus for large n, 
H"{F{V),I{n) W^)'^ ^ which establishes the claim. 

D 



3. Equivariant Nisnevich topology 

In this section we introduce the equivariant Nisnevich topology and list some of 
its properties. The equivariant Nisnevich topology has been recently been used by 
Hu-Kriz-Ormsby |HK011j and Krishna-0stvffir |K012) . A related topology, the 
fixed point Nisnevich topology, was defined by Herrmann in |Her] . 

3.1. Basic properties. A cd-structure on a category C is a collection V of com- 
mutative squares Q{X, Y, A) of the form 
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which are closed under isomorphism. The Grothendicck topology associated to V 
is the Grothendieck topology generated by declaring the pair {A ^ X,Y ^- X) to 
be a covering. 



Definition 3.1. 



(1) A Cartesian square Q{X,Y,A) in GSch/k 
B ^Y 




is said to be an equivariant distinguished square if p is etale, e : A C X is 
an invariant open embedding and p induces an isomorphism (Y — B)red ~^ 

{X — A)red- 

(2) The equivariant Nisnevich topology on GSm/k (resp. GSch/fc) is the Grothendicck 
topology associated to the cd-structure defined by the equivariant distin- 
guished squares and we write {GSni/k)cNis (resp. GSch/fc) for the associ- 
ated site. 

Lemma 3.2. A presheaf of sets F is a sheaf in the equivariant Nisnevich topology 
if and only if i^(0) = * and for any distinguished square Q as above the square 



F{X). 



FiY) 



F{A)- 
is a pull back square. 
Proof. This follows from jVoelObi Lemma 2.9] 



FiB) 



D 



Example 3.3. Let 1^ be a representation. Consider the equivariant open covering 

ofP(F®l) given by P(yffil)-P(y) = A{V) and P(F©1)-P(1). The intersection of 
these opens is identified with A{V) — 0. We thus have an equivariant distinguished 
square 

A(y) - ^ A{V) 



P(y©l)-P(l) 

Note also that the inclusion P(T/ ® 1) - P 
the requisite deformation given by {[xq : ■ 



^V{V®1). 

(1) equivariantly A^-homotopic to P(V), 

•■ : Xn+l],t) ^ [xo : ■ ■ ■ : Xn ■■ tXn+l]- 



The standard characterizations of a Nisnevich cover in the nonequivariant setting 
admit an equivariant generalization. 
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Definition 3.4. Let f : Y ^ X he an equivariant morphism. An equivariant 
splitting sequence for f : Y ^ X is a, sequence of invariant closed subvarieties 

= Z^m+i c z„ c . . . C Zi C Zo = X 

such that f\zi-Zi-f-i '■ f~^(Zi — ^i+i) -^ Zi — ^i+i has an equivariant section. The 
integer m is called the length of this splitting sequence. 

Proposition 3.5. Let f : Y ^ X be an equivariant etale map between G-schemes. 
The following are equivalent. 

(1) The map f is an equivariant Nisnevich cover. 

(2) The map f has an equivariant splitting sequence. 

(3) For every point x £ X , there is a point y G Y such that f induces an 
isomorphism k{x)=k{y) of residue fields and an isomorphism Gy=Gx of 
set-theoretic stabilizers. 

Proof. The proof follows along the lines of the nonequivariant arguments in |MV99[ 
Lemma 3.1.5] and |VoelOc[ Proposition 2.17]. 

(1)<^(2) Suppose that / : y — > X is an equivariant Nisnevich cover. Note that 
there is a dense invariant open subscheme t/ C X on which / has a split- 
ting. Indeed, this is true by definition for covers coming from distinguished 
squares and this property is preserved by pullbacks and by compositions. 
Restricting to the complement of this open and repeating the argument we 
may construct an equivariant splitting sequence. 

For the converse, we proceed by induction on the length of a splitting 
sequence. The case ?Ti = 1 is immediate. Suppose that we have a splitting 
sequence as above of length m. The restriction of / to Zm ^-xY^ Z^ 
has an equivariant section s. Since s is equivariant and etale s{Zm) C 
Zm Xx y is an invariant open. Let D be its closed complement. Consider 
the map Y := Y — D ^ X . Then {Y —^ X, X ~ Z,„} forms an equivariant 
distinguished covering of X. The pullback oi f : Y ^ X along X — Zm 
has a splitting sequence of length less than m and so by induction is an 
equivariant Nisnevich cover. Similarly the pullback of / along Y ^ X splits 
and is thus also a cover. It follows that / itself is an equivariant Nisnevich 
covering. 

(2)<^(3) Suppose that / has a splitting sequence. Then x G Uk = Z^ — Zk+i for some 
k. Let s be a section of / over Uk and let y = s{x). Then one immediately 
verifies that / induces an isomorphism k{x) = k{y) and Gy = Gx- 

For the other direction we proceed by Noctherian induction. Consider 
first the generic points rji of the irreducible components of X. There is an 
T]l € Y such that / : 77,' = T]i and G^' = G,,. . It is not hard to see that this 
implies that there is a dense equivariant open C/i C X over which / has an 
equivariant splitting. Restrict to Zi = X — Ui and repeat. This constructs 
an equivariant splitting sequence. 

D 

Changing the condition above on stabilizers leads to the variant of the equivariant 
Nisnevich topology defined in jHer] . 

Definition 3.6. An equivariant etale map / : K — >■ AT is a fixed point Nisnevich 
cover if for each point point x £ X, there is a point y £ Y such that / induces 
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an isomorphism k(x)=k{y) of residue fields and an isomorphism Iy=Ix of inertia 
groups. 

By |Her[ Lemma 3.2.4], a map Y ^ X is a. fixed point Nisnevich cover if and 
only if for every subgroup H C G, the map on fixed points f^ : Y^ — >■ X^ is a 
Nisnevich cover. The following simple example illustrates an important difference 
between these two topologies. 

Example 3.7. Let X be a smooth G-scheme with free action. Consider the action 
map G X X''^"'" — ?► X, where X*''™ is the G-scheme X considered with trivial action. 
This is a fixed point Nisnevich cover. However, it is not equivariantly locally split 
and so is not an cqui variant Nisnevich cover. 

Suppose that X is quasi-projective, so that a quotient tt : X — > X/G exists. If 
f : U ^ X/G is a Nisnevich cover, then f : tt'^U ^ X is a.n equivariant Nisnevich 
cover because it is an equivariant etale cover and the local splitting for / induces 
an equivariant splitting sequence for /'. We thus have an induced map of sites 
{X)GNis -^ {X/G)Nis and an adjoint pair on sheaf categories 

TT* : S\wNis{X/G) ^ ShvGAfis(-'f) : tt*. 

Suppose now that that X has free action (i.e., Ix = e for all x) then the quotient map 
TT : X — !• X/G induces an equivalence of categories tt"^ : {X/G)Nis —^ {X)GNis- 
Indeed, ii p : Y ^ X is an equivariant Nisnevich cover then p/G : Y/G -^ X/G 
is as well because it is an etale cover and the equivariant splitting sequence for 
p induces one for p/G. It is now easy to check that (— )/G and tt^^ are inverse 
equivalences. As a consequence we obtain the following. 

Lemma 3.8. If X is quasi-projective with free action and F is a Nisnevich sheaf 
on X/G then Hqj^^^(X,tt^:F) — Hlf^^(X/G, F). Similarly if F is an equivariant 
Nisnevich sheaf on X then i/^^^^(X, F) = H]^^^{X/G, tt*F). 

We refer to [VoelOb] for the definition of a complete, regular, and bounded cd- 
structure. 

Theorem 3.9. The equivariant Nisnevich cd-structure on GSm/k is complete, reg- 
ular and bounded. 

Proof. The argument is similar to that of |VoelOc|, Theorem 2.2] for the usual Nis- 
nevich topology. We provide a brief sketch of the details. First, since the equivariant 
distinguished squares are closed under pull back, it follows from |VoelObl Lemma 
2.4] that the equivariant Nisnevich cd-structure is complete. For regularity, one 
needs to see that for an equivariant distinguished square the square 

B ^Y 



B xaB >-Y xxY 

is also distinguished, where the horizontal arrows are the diagonal. Because an equi- 
variant distinguished square is a square whose maps are equivariant and which is 
nonequivariantly a distinguished square, this follows immediately from the nonequiv- 
ariant case which is verified in jVoelOci Lemma 2.14]. 

It remains to see that the cd-structure is bounded. For this we use the equivariant 
analogue of the standard density structure. That is for a smooth G-scheme X, let 
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Dq{X) be the set of open, invariant embeddings U ^ X whose complement has 
codimension at least q. The arguments of |VoelOc| Proposition 2.10] carry over 
to the equivariant case to show that cquivariant cd-structure is bounded by this 
density structure. D 

Corollary 3.10. Let T be a sheaf of abelian groups on GSm/k in the equivariant 
Nisnevich topology and let X be a smooth G -scheme over k. Then 

for i > dim(X). 

Remark 3.11. In particular all smooth schemes have bounded cohomological di- 
mension, which is crucial for our definitions in Section[5]involving hypercohomology 
with unbounded coefficients. 



3.2. Points. The definition of a Hensel pair {A, I) is recalled in Definition | 
Let / C ^ be an ideal contained in the Jacobson radical of a ring A. There is a 
functorial Henselization of the pair {A, I), consisting of a ring map A —^ A^ such 
that {A'\IA^) is a Hensel pair and A/I = A^/IA^, see e.g., |Ray70| . If A has G 
action and / is invariant then G acts on A'^ as well because (— )'' is functorial. 

Remark 3.12. Let 5* be a semilocal Hcnselian G-schcme, essentially of finite type 
over k. Let Z C S* be the set of closed points and suppose that f : Y —^ S is 
an equivariant etale map which admits an equivariant splitting over Z. Then / 
admits an equivariant splitting. Indeed, since S is Henselian there exists a splitting 
s : 5 — > y extending the one over Z. Since s is both open and closed, it is 
an isomorphism of S onto its image and moreover determines a decomposition 
Y ~ s{S)Y[Y'. Since s is equivariant on Z, it follows that the image of S is 
invariant in Y and thus s is equivariant. 

In particular if S* is a Hensel semilocal G-scheme with a single orbit and Y ^ S 
is an equivariant Nisnevich cover, then every equivariant Nisnevich covering of S 
can be refined by the trivial covering. Thus Hensel semilocal G-schemes with a 
single closed orbit determine points for the Nisnevich topology. 

The Henselization Spcc{0\- q^) of a smooth G-scheme at an orbit is computed 
as a limit over etale neighborhoods of Gx, 

\ X,GxJ f^g^(c,^) 

Here N{Gx) is the filtering category whose objects are pairs {p : U ^ X, s) where 
p is etale and s : Gx -^ U is a section of p over Gx. A morphism {U — > X, s) 
to {V — > X^ s') is a map f : U ^ V making the evident triangles commute. 
Write Nc{Gx) C N{Gx) for the filtering subcategory whose objects are those pairs 
{p : U -^ X, s) where U has G-action, p, s are equivariant and maps between pairs 
are induced by equivariant maps U —}■ V. 

Lemma 3.13. The inclusion Ng{Gx) C N{Gx) is coflnal. In particular we may 
compute Spec Ox gx '^^ ^^^ limit of equivariant etale neighborhoods of Gx: 

SpecO^.G,= lim ^f/. 

UeNciGx) 
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Proof. As these categories are filtering, in order to show cofinality it suffices to show 
that for any (p : C/ — > X, s) e N{Gx) there is a map (W -^ X, s') ^ ([/ — > X, s) in 
N^iGx) with {W -> X,s') S NaiGx). 

Let {p : U ^ X,s) £ N{Gx). For g e G, define p^ : gM -^ X to be the ctale 
X-scheme given by g^U ~ U and p^ :~ gp. The identity U = U can be viewed as 
a map g^U ^ {hg)i,U over h : X -^ X. 

Label the elements of G by e = gQ,gi, ■ ■ ■ gn- Define W to be the {n + l)-fold 
fiber product 

W = U xx {gi)*U xx ■■■ xx {gn)*U. 
Write TTg. : W —^ {gi)*U for the projection and consider W as an X-scheme via the 
composite piVe : W —^ U -^ X. Note that hpiTh — piTe- 

Now W has a G-action given by permuting the factors. In other words we 
define ft, : VF -> W^ to be the map determined by the formula Hg^h ~ -K^-ig.. This 
determines a map since p^'TT/j-ig. = p^^'Ky^-ig.. Moreover p^*7r/j-ig. = hpire and 
thus pTTe : M^ — > X is an equi variant etale map. 

Define now s' : Gx — >■ W^ to be the map determined in the f/ith coordinate by 
sg~ : Gx — ?► {gi)rU. This defines an equivariant section oi pne : W ^ X over 
Gx C X. and so {W — > X,s') G Na{Gx). Now TTe determines a map {W — > 
X, s') -^ {U ^ X,s) in iVe(Ga;) and therefore NaiGx) C iVe(Ga;) is cofinal as 
claimed. 

D 

We write F{Ox gx) — colim^/gTVclGx) -P"!^)- The Hensel semi-local G-schemes 
Ox Gx ^^^ the points of the equivariant Nisnevich topology, as we now show. 

Theorem 3.14. A map (j) : Fi -^ F2 of sheaves of sets on {GSch/k)GNis 'is an 
isomorphism if and only if 

Fi{0\^G:c) ^ F^iO^^a.) 
is an isomorphism for all G-schemes X over k and all x £ X . 

Proof. If (j) is an isomorphism of sheaves then clearly it induces an isomorphism 
FiiO'k,G.) = ^2(Oi,GJ for aU X and x e X. 

Suppose that (p induces isomorphisms Fi{Ox gx) == ^^i^x.Gx) fo^ ^^1 ^ ^^'i 
X G X. We first we show that </> is a monomorphism. Suppose that </>(«) = 0(/?) 
for some a,/3 G Fi(X). Then [a] = [/3] G Fi{0'^(.^) for all x £ X. Thus for each 
X £ X, there is some equivariant etale map Vx ^ X which admits an equivariant 
section over Gx -^ V and a\v = f3\v- Let r]i £ X he generic points. Then 
Vri. — >■ X has an equivariant section over an invariant open Ui C X. Consider Vq. 
corresponding to generic points of .^1 = X — Ui and let Z2 C Zi the complement of 
the set where ]J Va has a section. Proceeding in this way we obtain a finite number 
of equivariant etale maps V^. -^ X such that 1^ = ]J V^^ — > X is a Nisnevich cover. 
Moreover V has the property that a\v — P\v and because Fi is a sheaf this means 
that a = P mFi{X). 

Now we show that (f> is a surjection. Let a £ F2{X). For any x £ X there 
is [/3] £ i^i(Ox,G:r) such that (/)([/3]) = [a] £ F2{0\(.J). Thus for each x £ X 
there is an equivariant etale map fx'Vx^X, which admits an equivariant section 
Gx — >■ Vx, and I3x £ Fi{Vx) such that 4>{l3x) = oi\v^- As in the previous paragraph 
we can find a finite number of points xi , . . . , a;„ such that V^ = U Vx^ — ?► X is an 
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equivariant Nisnevicli cover. The elements /Sx^ determine the element /3 G Fi{V) 
with the property that 4>{/3) = a\v and thus is surjective as well. D 

Remark 3.15. By [Her], the points of the fixed point Nisnevich topology are the 
semi-local rings G/H x Ox x where H C G is a subgroups, and x is a point of the 
smooth scheme X equipped with trivial action. 

The following is a useful simple alternate description of O'x qx when Ix = Gx ■ 
This includes in particular every rational point x ^ X . 

Proposition 3.16. Let X he a G-scheme over k and suppose that Ix ~ Gx- Then 

G x'^ Spec(0^_J = Spcc(0^.^gJ- 

Proof. The map q : G x'^" Spec(0^^) -^ SpecO^g^ is equivariant and etale. 
Since Ix = Gx, Gx = G/Gx and q~^{Gx) = Gx. This implies that q is split. 
The splitting is an isomorphism onto an open subscheme and it must be surjective 
because otherwise G x '-^== Spec(C'^ ^) would have a closed point not in q~^{Gx). D 

Since {GS'ni/k)GNis has enough points we can form the Godement resolution of 
a presheaf. 

Definition 3.17. Let F{—) be a presheaf of chain complexes of abelian groups on 
GSm/fc. The Godement resolution F{—) — > QF{—) is defined as follows. Let 

G'F{U) = n i^(0&,GJ- 

Define G^F = G o ■ ■ ■ o GF to be the {n + l)-fold composition of G. The inclusions 
and projections of the various factors give n t-^ G'^FiU) a cosimplicial structure. 
Now define 

gF{U) = Tot G'F{U). 

Then F — > QF is a fiasque resolution of F on {GSin/k)GNis- Consequently 
QF{U) computes the hypercohomology with coefficients in F: 

H'^gF{U)^H'amAU,F). 

3.3. Change of groups. Let i7 C G be a subgroup. We have an adjoint pair of 
functors 

(3.18) e : HSm/k ^ GSm/fc : p 

where e{X) = Gx^ X and p{W) = W. Both functors commute with fiber products 
and send covering families to covering families for both the equivariant Zariski and 
equivariant Nisnevich topologies. Therefore both define morphism of sites in the 
equivariant Zariski as well as in the equivariant Nisnevich topologies. 
We have adjoint functors 

e* : ShyHNisiFISm/k) ^ S'ft.i'GTVis (GSm/fc) : e« 

and 

p* : ShvGNis{GSm/k) ^ ShvHNisiFISin/k) : p*, 
where e^F{X) ^ F{G x" X) and p*K{W) = K{W). Additionally we have that 
p* = e,. It follows that e* is exact and so we have the following. 

Lemma 3.19. Let X he a smooth H-scheme. Then 

HhiNisiG X X,F) ^ IIljpfi^{X,e^F). 
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4. Presheaves with equivariant transfers 

Let G Corfc denote the category whose objects are smooth G-varieties and mor- 
phisnis are equivariant finite correspondences, that is 

GCoYk{X,Y) := Coik{X,Yf . 

An elementary equivariant correspondence from X to K is a correspondence of 
the form Z = Z+giZ-\-- ■ -^ghZ , where Z C X x y is an elementary correspondence 
and gi range over a set of coset representatives for Stab(Z) = {g G G\g{Z) ~ Z}. 
The group G Corfe {X, Y) is the free abehan group generated by the elementary 
equivariant correspondences. 

There is a canonical inclusion of categories GSm/k C G Cor^ which sends / : 
X ^Y to its graph Tf C X xY. 

Definition 4.1. (1) A presheaf with equivariant transfers is a presheaf F : 

G Cor°P ^ Ab. 
(2) Say that F is homotopy invariant if p : Xx A^ — > AT induces an isomorphism 

p* : F{X) ^ F{X X Ai). 

A useful simple consequence of homotopy invariance is that representations are 
contractible. 

Proposition 4.2. Let F be homotopy invariant presheaf of abelian groups and 
V a finite dimensional representation. Then p* : F{X x K{V)) — > F{X) is an 
isomorphism. 

Proof. The map K{V) x A^ — !■ V, {v^t) i—> tv is an equivariant homotopy between 
the identity on K{V) and K{V) -^ {0} C K{V). D 

Every smooth G-scheme Y represents a presheaf with transfers which we write 
as 

■Ltr,G{y){~)^GGovk[-,Y). 

Note that this is in fact a sheaf in the equivariant Nisnevich topology. If Y is 
quasi-projective and X is normal, then the map 

Corfc(X, Y) ^ Homseh/fc(^, Sym(y)) + 

becomes an isomorphism after inverting the exponential characteristic, see e.g., 
[SV96[ Theorem 6.8] or [BV08[ Proposition 2.1.3]. 

Example 4.3. The sheaf (O*)'-^ of invariant invcrtible functions is a presheaf with 
equivariant transfers which can be seen using Lemma 16.131 Alternatively one may 
note that the transfer structure can be described as follows. The sheaf O* is 
represented by the group scheme G„i. We have an induced monoid morphism 
p : Sym(G„i) — > Qm- Let W : AT — > Sym(y) be an effective finite correspondence. 
Define W* : G,„(y) -^ Gm(X) by W*(0) = pSym(0)W. It is immediate from this 
definition that W*((/)) is equivariant whenever W and (p are equivariant. 

Lemma 4.4. Let H C_ G be a subgroup. There is an adjunction 

(4.5) e:i/Corfe ^GCorfc :p 

where e{X) ^ G x" X and p{W) = W. 
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Proof. We need to show that if X is a smooth i7-schcme and M^ is a smooth G- 
scheme then H Corfe {X, W) = G Cork {Gx^ X,W). We have an 7J-equivariant map 
i : X ^ G x" X, induced by x h^ (e,x). This gives i* : GCoTkiG x" X,W) -> 
iJCorfc(X, W). It is straightforward to check that this is an isomorphism. D 

A presheaf F with equivariant transfers is an equivariant Nisnevich sheaf with 
transfers provided that the restriction of F to GSm/fc is a sheaf in the equivariant 
Nisnevich topology. We finish this section with a discussion of the relation between 
transfers and sheafification. 

Theorem 4.6. Let X he a smooth G-scheme and p : Y ^f X an equivariant 
Nisnevich cover. Then 



> Z,,.G(r Xx Y) ^^5_Pi, Z,,.G(r) A l.tr,G{X) ^ 



is exact as a complex of equivariant Nisnevich sheaves. 

Proof. It suffices to check that the complex is exact on all Oj/gu, i.e., that 

(4.7) • • ■ ^ ZtrMy XX Y){S) ^ Ztr,G{Y){S) ^ ZtrMX){S) ^ 

is exact for every equivariant Hensel semilocal G-scheme S with a single closed orbit. 
Let Z C X X S' be an invariant closed subscheme which is quasi-finite over 5*. Define 
L{Z/S) to be the free abelian group generated by the irreducible components of Z 
which are finite and surjective over S. The assignment Z — >■ L{Z/ S)^ is covariantly 
functorial for equivariant maps of quasi-finite G-schemes over S. The sequence (|4.7p 
is a filtered colimit of sequences of the form 

(4.8) > L{Zy xz Zy/Sf -^ L{ZyIS)^ -^ L{Z/Sf -^ 

where the colimit is taken over all invariant closed subschemes Z C_ X x S which 
are finite and surjective over S. It therefore suffices to show that (|4.8I) is exact. 
Since S is an equivariant Hensel semilocal with a single closed orbit and Z is finite 
over S it is also equivariant Hensel semilocal. The equivariant Nisnevich covering 
Zy -> Z therefore splits equivariantly (see Remark 13. 12p . Let si : Z —> Zy be a 
splitting. Set {Zy)\ — Zy Xz ■ ■ ■ Xz Zy. We obtain contracting homotopies Sk : 
i((Zy)|/S')*^ -^ L{{Zy)^^^)^ by letting su be the map induced by si Xzidi^Zy)'' ' 
which completes the proof. D 

The previous statement fails when we replace the equivariant Nisnevich topology 
with the fixed point Nisnevich topology. (The following is also an example of a fixed 
point Nisnevich covering for which equivariant A'-theory does not satisfy descent). 

Example 4.9. Consider the Z/2-schemes X = Spec(C) over Spec(M) with conju- 
gation action and X'^"'" the scheme X with trivial action. Let Y = Z/2 x X*"'". 
The action map Y -^ X is then a fixed point Nisnevich cover. In jHer] it is shown 
that the points of this topology are of the form G/H x O'^h ^- In particular, if 

> Ztr,G{Y XX Y) ^ Ztr.aiY) ^ ZtrMX) ^ 

is exact in the fixed point Nisnevich topology, then its restriction to Sm/R would 
be exact in the Nisnevich topology. But its restriction to Sm/M is 

> Ztr{C Xr C) ^ ZtriC) -^ Ztr{R) ^ 0, 
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which is not exact in the Nisnevich topology. Indeed if it were exact then applying 
Z/2(n), the complex computing weight n motivic cohomology with mod-2 coefR- 
cients, would imply a quasi-isomorphism Z/2(?7.)(IR) = Z/2(n)(C)''^'^ and then we 
would have 

H\^{R,Z/2{n)) = WZ/2{n)(R) = WZ/2{n){C)''^^^ = iJ^t(R,Z/2) 

for all i > 0, which is not true. 

Lemma 4.10. Letp : U ^- Y be an equivariant Nisnevich cover and f : X ^)- Y an 
equivariant finite correspondence. Then there is an equivariant Nisnevich covering 
p' : V ^ X and an equivariant finite correspondence f : V -^ U which fit into the 
following commutative square in GCovk, 




Proof. We may assume that / is an equivariant elementary correspondence. Write 
Z = Supp(/) and consider the pullback Z' = Z XyU C X xU. Then Z' ^ Z is 
an equivariant Nisnevich cover and tt : Z ^ X is finite. We can find an equivariant 
Nisnevich cover V ^S' X such that V Xx Z' -^ V Xx Z has a section. 

Let s be such a section. Then s{VxxZ') C VxU is finite and equivariant over V 
and its associated equivariant correspondence defines the required f':V^U. D 

Theorem 4.11. Let F be a presheaf with equivariant transfers on GSm/fc. Then 
FoNis has a unique structure of a presheaf with equivariant transfers such that 
F — > FcNis is a morphism of presheaves with equivariant transfers. 



Proof. The proof is parallel to the proof of |MVW06| Theorem 6.17]. We begin 
with uniqueness. Let Fi and F2 be two presheaves with transfers with a map of 
presheaves of transfers F ~^ Fi whose restriction to GSm/fc is the canonical map 
F -> FoNts- Let / : X -^ r be a map in GCorfc and y G Fi{Y) = F2{Y) = 
FcNis^Y). Choose an equivariant Nisnevich covering U -^ Y such that y\u is in 
the image of m £ F{U). Applying Lemma we have a commutative square in G Cor^ 




where p' : V -^ Y is an equivariant Nisnevich cover. It is straightforward to verify, 
using this square, that Fi{f){y) = F2 (/)(?/) and so Fi = F2 as presheaves with 
equivariant transfers. 

For existence, we first define a map -FGJVis(i^) a-Onishi'Ztr,GiY) , Fgnis) which is 
natural for maps in G Corj, and such that the square commutes 

F(Y) -Homp,e(GCor.)(Ztr,G(i"),i^) 



FgNis(Y) ^ }lomsh^(^GCoYk){'^tr,G(Y), FcNis)- 
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Given y e FcNisiX) there is an equivariant Nisnevich cover U -^ Y such that 
y\u is the image of u e F{U). The element u determines a morphism 'Ltr,G{U) -^ F 
of prcshcavcs with equivariant transfers. By shrinking U we may assume that u 
restricts to the zero map Z4r,G(C^xyt/) — ^ _F under the difference map (pi)* — (P2)* '■ 
^tr,G{U Xy U) -^ "Ltr.ciU). This in turn imphcs that the induced morphism of 
sheaves "Ltr.GiU) — > Fo^is also restricts to zero under the difference map. 

Now Theorem 14.61 implies that that u determines a map [y] : 'Ltr,G{Y) —^ Fo^is 
and it is straightforward to verify that this is independent of the choice of U and u. 
We now define GCoik{X,Y) (g> FamsiY) -^ FamsiX) as follows. Let f :X -^Y 
be a finite equivariant correspondence and y G FcNislY). Consider the composition 
[y]f : Ztr,G{X) -^ Ztr,G{Y) -^ Fgnis and define the pairing by sending (/, y) to 
the image of the identity in Ztr.G{X){X) in FcNisiX) under [y]f. D 

A presheaf F with equivariant transfers is said to be an equivariant Nisnevich 
sheaf with equivariant transfers if the restriction of F to GSm/fc is a sheaf in the 
equivariant Nisnevich topology. We write Shv(GCorfc) for the category of sheaves 
with equivariant transfers in the equivariant Nisnevich topology. 

Corollary 4.12. The category Shv(GCorj,) is an abelian category with enough 
injectives and the inclusion i : Shv(GCori.) — > Pre(GCorj,) has a left adjoint acj^is 
which is exact and commutes with the forgetful functor to (pre)sheaves on GSm/fc. 

Theorem 4.13. Let F be an equivariant Nisnevich sheaf with equivariant transfers. 
Then 

(1) the cohomology presheaves Hqj^^^{~, F) are presheaves with equivariant 
transfers, 

(2) for any smooth X, F{X) — Homghv(G Cor^) (^ir (-'^), ^)j o.nd 

(3) for any smooth X , 

Extghv(GCorfc)(^*'-^G(-^),-F) = H2;ffis{X,F). 

Proof. Suppose that i^ is a sheaf with equivariant transfers. Then the Godemcnt 
resolution F — >■ QF in Definition 13.171 is a resolution of sheaves with equivariant 
transfers by the same reasoning as in JMVW061 Example 6.20]. This implies the 
first statement. The second statement follows from the previous corollary together 
with the Yoneda lemma. For the third item, note that if F is an injective sheaf with 
equivariant transfers then F — > G'^F is split and so Hqj^^^{X,F) is a summand of 
Hcmsi^^G^F) = 0. It follows that H2;j^,,{X,F) = whenever F is an injective 
and the result follows. D 



5. Bredon motivic cohomology 

In this section we introduce our Bredon motivic cohomology, explain how Mackey 
functors naturally appear in this setting, and give some examples of our theory. 

5.1. Definition and first properties. If i^ is a presheaf of abelian groups on 
GSm/fc, write CnF{X) = F{X x AJJ). This gives a presheaf of simplicial abelian 
groups n n> CnF{X) and thus to an associated chain complex G*F. We write C*F 
for the associated cochain complex so that C~^F = CkF. If A is a cochain complex 
then the shifted complex A[n\ is the complex A[n]' = A*+". 
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Definition 5.1. (1) Let y be a finite dimensional representation. Define Zg(V^) 

to be the complex of presheaves with equivariant transfers given by 

Zg{V) = C* {ZtrMnV © l))/ZtrMnV))) [-2\V\]. 

(2) When V = k[G]"^ we adopt the notation 

Zain) = ZaiklGf") 

By virtue of their definition, the complexes Zq{V) are acyclic in degrees larger 
than 2\V\. In particular Zc{n) is acyclic in degrees larger than 2n|G|. 

Definition 5.2. Let X be a smooth G- variety. Define the Bredon motivic coho- 
mology of X to be 

H2;{X,Z{m)) = H^^,,{X,ZG{m)). 

More generally we write 

H^{X,Z{V))^H^^,,{X,Zg{V)). 

Remark 5.3. By CoroUarv 13.101 all objects of GSm/fc have finite equivariant Nis- 
nevich cohomological dimension. This implies that the displayed hypercohomology 
groups (whose coefficients are unbounded complexes) are well defined, see |Wei94[ 
Corollary 10.5.11]. 

An elementary equivariant A^-homotopy between two maps in GSm/fc (resp. in 
G Corfc) /o, /i : X — > F is a map iJ : X x A^ — >■ y in GSm/fc (resp. in G Corfe) such 
that H\xy,{i\ = fi- An map f : X ^ Y is said to be an elementary equivariant 
A-'^-homotopy equivalence if there is a map g : Y ^)- X such that both fg and gf 
are elementary equivariant A^-homotopic to the identity. 

Lemma 5.4. (1) If F is a presheaf and /o,/i : AT — > y are elementary equi- 

variant A^ -homotopic then the maps f^,fl : C*F{Y) -^ C*F{X) are chain 
homotopic. 

(2) The cohomology presheaves X i— > H^C* F{X) are homotopy invariant. 

(3) If f : X -^ Y is an elementary A^ -homotopy equivalence then the induced 
map of complexes /* : G*Ztr,G(Ar) — >■ C^Ztr.ciY) is a chain homotopy 
equivalence. 

Proof. The proofs of all these statements is exactly as in the nonequivariant setting. 
See e.g., |MVW06l Lecture 2]. D 

Proposition 5.5. (1) Let [/]jy — >■ A' be an equivariant distinguished cover, 

then there is a Mayer- Vietoris long exact sequence 

> H2;{X,Z{m)) ^H2i{U,Z{m)) ® H'^{Y,Z(m)) ^ H2;(U Xx Y,Z{m)) 

-^iJS+i(X,Z(m))^--- 

(and similarly for coefficients in Zq{V)). 
(2) // G is abelian and k is algebraically closed or if G ^ Z/2 and k is perfect, 
then 

H^{X X A\Z{m)) ^ iJg(A:,Z(m)) 
(and similarly for coefficients in Zq{V)). 
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Proof. The first statement follows immediately from the fact that the Bredon mo- 
tivic cohomology is defined as hypercohomology in the equivariant Nisnevich topol- 
ogy. The cohomology presheaves of Z{m) are homotopy invariant presheaves with 
transfers and so the second item follows from Theorem lQ. 131 together with the stan- 
dard hypercohomology spectral sequence. D 

Theorem 5.6. Let G be abelian and k algebraically closed or G ~ Z/2 and k 
perfect. If FcNis = then {G^F)aNis — 0. 



Proof. Using the equivariant homotopy invariance result Theorem 19.131 the argu- 
ment is the same as in |MVW06l Theorem 13.12]. D 

Proposition 5.7. Let G be abelian and k an algebraically closed field or G = Z/2 
and k perfect. Let V be a finite dimensional representation. There is a quasi- 
isomorphism 

a {ZtrMMV))/^tr,G{HV) - 0)) ^ a {ZtrMnV ® l)/Zt,,G(F(^))) ■ 

Proof. It follows from Example 13.31 that the map 

ZtrMMv))/Ztr,G{Hv) - 0) ^ i^trMnv ® 1)/Z4,.g(P(F ® 1) - P(l)) 

becomes an isomorphism after equivariant Nisnevich sheafification. The inclusion 
F{V) C F{V © 1) — P(l) is an equivariant A-'^-homotopy equivalence. 

The result now follows from an application of Theorem l5.6l and Lemma 15.41 D 

Corollary 5.8. Under the assumptions above, there is a quasi-isomorphism 

cone [C^ZtrAHV) - 0) ^ Z) ~ a(Zt,,,G(P(^ ® l)/Zt,,G(P(^))). 

Proof. The map KiW) — >■ Spec(fc) is an equivariant A^-homotopy equivalence. The 
result thus follows from the previous proposition together with Theorem 15.61 and 
Lemma 15.41 D 



5.2. Coefficient systems. Let Oq denote the category of finite left G-sets with 
equivariant maps. 

A Bredon coefficient system is an additive functor M : 0°q -^ Ab. Let Bg denote 
the Burnside category of G, its objects are the same as GF and Homg^ (A, B) 
consists of isomorphism classes of diagrams of equivariant maps of finite G-scts of 
the form A -ir- X ~¥ B. The composition of A ■(— X ^^ B and i? <— X' — > G is given 
by j4 ^ X Xb AT' — > G. A Mackey functor is an additive functor M : B°ff — ;• Ab. 

The Hecke category T-Lq has the same objects as Oq and morphisms are given 
by Hom^g(S', T) = Hom2[G](^['S']!2[2^])- A cohomological Mackey functor is an 
additive functor AI : T-Cq — ^ Ab. There is a Hurcwicz functor H : Bg -^ Hg 

given by sending the map S* <— A — > T to the map Z[S] -^ Z[T] given by s ^^ 
SxG f-^(s) 5(^)- Maps between orbits in Bg may be interpreted as the maps between 
orbits in the stable equivariant homotopy category. From this point of view the 
functor H above is the result of applying the usual Hurewicz functor in stable 
equivariant homotopy theory. 

Wc have an embedding Og Q GSm/fc given by S* i— t- ]Jg Spcc(fc). The composi- 
tion Og Q GSm/k C GCorfe factors through a faithful embedding Hg Q GCoik- 
We thus have an embedding of the category of cohomological Mackey functors into 
the category of presheaves with equivariant transfers. The category of (pre) sheaves 
with transfers has a tensor structure and by tensoring the complexes ZG(n) with 
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a cohomological Mackey functor M, we obtain Bredon motivic cohomology theory 
with coefficients in M. 

Example 5.9. Wc have an embedding of topological representation spheres into 
our setting. Let X be a based G-CW complex write C_^{X) for the Mackey func- 
tor given by G/H i->- C„(X^), where C*(W^) denotes the reduced cellular chain 
complex of a CVF-complex. Let F be a real orthogonal representation and write 
5"^ for the one-point compactification of V . Define Ztop{V) = ^7^(5^). Note that 
this definition depends on the choice of equivariant cellular decomposition of S^ , 
however two different choices give quasi-isomorphic complexes. 

An important case of the topological spheres in the previous example occurs 
when G = Z/2. Write S"^ for the topological representation sphere associated to 
the sign representation. Note that in this case, 'Ztop{S°') = cone(Ztr,G(^/2) -^ Z). 
As in |MVW06l Section 8], there is a tensor product iS^tr on D~{G Cork) which is 
induced by Ztr.ciX) (E)tr '^tr.oiY) = '^tr{X x Y). The following will be useful in 
Section [TUl 

Lemma 5.10. The complex 'Ltop{S'^) is invertible in (D^ {GCoTk),(iS>tr)■ 
Proof. Write Qi : Z/2 x Z/2 -^ Z/2 for the projection to the ith factor and write 
p : Z/2 — > * for the projection to a point. The complex Ztop(5°') is the complex 
— > Zt,,.G'(Z/2) — > Z — > (with Z = Ztr^oi*) i^ degree zero). We claim that the 

inverse "LtopiS '^)) is given by — > Z — > 'Ltr.ci'^l'^) ^ (again with Z in degree 
zero, and (— )* denotes the transpose). The tensor product Ztop{S°') ®tr'^top{S~'') 
is the complex 

^ Ztr,G{'^/2) ^^Eil^ z © Ztr,G(Z/2 X z/2) ^^^^^ Zt^,G(Z/2) ^ 0. 

Write £', for this complex. We have a chain homotopy s : E^, -^ -E*+i between 
the identity on E^ and the composite E^ ^ Z, ^ E^ (where Z is concentrated 
in degree zero) given by sq = —A, s_i = A and Si ~ for i ^ 0,-1, where 
A : Z/2 ^ Z/2 X Z/2 is the diagonal. D 

5.3. Examples. We record a few simple examples. The first one is straightforward. 

Lemma 5.11. Let G be abelian and k algebraically closed or G — Z/2 and k perfect. 
There is a quasi-isomorphism Zg(0) ~ Z, where Z is the complex consisting of the 
constant sheaf Z in degree zero. 

Proposition 5.12. Let V be a one dimensional representation. Then we have a 
quasi-isomorphism 

azt,,G(A(v^)-o)~(o*)«©z, 

in the derived category of sheaves on GSm/k, where (O*) is the sheaf of invariant 
invertible functions viewed as a complex concentrated in degree zero. 

Remark 5.13. This is not a decomposition of complexes of sheaves with equivari- 
ant transfers except in the case when V is the trivial representation. 

Proof. The homology of C*Z(r,G(^ ~ {0})(^) is identified with equivariant Suslin 
homology, 

m{C,'Ltr,G{KV) - {0})(X)) = Hf^'{G- {X X k{V) - {0})/X). 
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By Theorem 16. 121 we thus have 

H,(aZ„„,(A,F) - (0))(X)) = (°"~<-'^ X '<" » >)' -"^ X (»■»» ^ = » 

10 I 7^ 0. 

Write 7^ for the kernel of the action of G on X x P(F© 1). Then G/K acts faithfuUy 
onX xP(yel), 

Div^„t(X X P(y ® 1), X X {0, oo}) = Divf/t^(X x f{V ® 1), X x {0, oo}), 



and by Proposition [ 

Div^/t^(XxP(l^©l),Xx {0, oo}) == Pic'^/-^(X xP(F®l),Xx {0,oo}). 

Using the exact sequence ()6.6|) for the relative equivariant Picard group and that 
for X smooth Pic'^(X x V{V ® 1)) = Pic'^(X) x Z, we have 

Pic"^/-^(X X P(y ® 1),X X {0, cx)}) = 0*{X)^'^ ® z = o*{xf ® z, 

from which the result follows. D 

Proposition 5.14. Let X be a smooth, quasi-projective G-scheme. Then 

(r{x,o*)^ i^O 

Hhm,iX,iO*^f)^hiciX/G) z-1 
[o else. 

Proof. Consider the short exact sequence of equivariant Nisnevich sheaves on X , 
-^ {0*x)'^ -^ {]C*x)^ -^ {JC*x)^ / {O*^)^ -^ 0. Since X is smooth, {IC*^)^ is con- 
stant and so is fiasque. We have {IC*x)^ / {0*x)^ = ®xexiiGx)*ilC*x)° /{0*x^gx)^ ^ 
where icx '■ Gx — >^ X is the inclusion of an orbit, which is also fiasque and so 
i:r^^,,(X,(O^)G)=0forz>l. 

Consider the quotient map tt : X — > X/G and the resulting Leray spectral 
sequence iJ^i^(X/G', i?%*(0^)<=) ^ H^'^^%{X,{0*x)^). If U is semilocal, then 
one may compute that HcNisiU, (Cf/)*^) = and therefore R^tt^{Ox)'^ = 0. It 
follows that 

HhmsiX, {0*xf) = HlJX/G,n,iO*xf) = HJ,,,{X/G,0*x/g) = Pic{X/G). 

D 

Remark 5.15. If X is smooth but not quasi-projective, one can compute di- 
rectly that HQXisi-^A^x)'^) is ^he group of G-line bundles C on X such that 
each fiber C^ has trivial /a;-action. The above argument still applies to show that 
H^amsiX,iO*xf)=0iov^>l. 

Corollary 5.16. Let G be an abelian group over an algebraically closed field or 
G = Z/2 and k perfect. Let X be a smooth G-scheme and V a one dimensional 
representation. Then 

{T[X,0*)° i = l 
Vic{X/G) i = 2 
else. 

Proof. By Proposition [5ll2] and Corollary [5S1 we have that "LoiV) ^ {0*)^[-l]. 
The result then follows immediately from the previous proposition. D 



26 J. HELLER, M. VOINEAGU, AND P. A. 0STVMR 

For an abelian group G and one dimensional representations V, V, the chain 
complexes Zg{V) and lioiV') are quasi- isomorphic as complexes of sheaves in the 
equivariant Nisncvich topology. The following example makes explicit that for 
higher dimensional representations, distinct representations give distinct chain com- 
plexes. For a representation V, we write ZtrM^^) = "^trM^iV ®^))/'^tr,Gi^iV))- 

Example 5.17. Let p be a prime and G = Z/p and k a field which admits resolution 
of singularities. For any representation V, we have that 

HUk,z{y)) = iJ'-2p"(aZt,,G(r^)(fc)) = i?'-2p"(ze,™(A(y),o)(A;')^), 

where Zequi{X^Q) is the presheaf of equidimensional cycles of relative dimension 
0. We compare the complexes 'Lg{V)[2\V\] = GAr,G[T^) for V = nk[G] and 
1"P. We have that H\GAr,G{'^'^^)ik)) = i?^^"''(fc,Z(?ip)). On the other hand, 
C^Zeqm{Hnk[G]),Q)^ = ®]Zn^Z/piJ)[2j]®Z{np)[2np] in DM{k) by [NliOSl The- 
orem 5.4]. In particular 

ff'aZ,,,G(T"'^[^l) - ®;Z-'H'_^'\k,Z/pij))®H'+^''''{k,Z{np)) ^ ffa(fc,Z(l"P)). 

We finish this section by relating our construction to Edidin-Graham's equivari- 
ant higher Chow groups JEG98J . These are constructed as follows. Consider a pair 
{V, U) where 1^ is a faithful representation and U C A{V) is an open subscheme 
on which G acts freely. Then U/G exists as a scheme and it is a algebro-geometric 
approximation to BG. Such pairs always exist, moreover one can arrange that 
dimV and codimA(y)(A(y) — U) are arbitrarily large. The equivariant Higher 
Chow group of a quasi-projective G-scheme X in bidegree (n, m) is defined to be 
CH^{X,m) = GH"{X x^ U,m) for a pair {V,U) with A{V) - U oi sufficiently 
large codimension. We refer to loc. cit. for full details. 

Theorem 5.18. Let X be a smooth quasi-projective G-scheme. There is a natural 
map 

Wa{X,Z{l^))^CH^^iX,2q-t). 

Proof. We have a natural isomorphism H'^{X,Z{q)) = CH^{X^2q — n). The 
complex Z{q) on Sm/fc is C*{Ztr{f"^)/Ztr{f"^-^))[~2n]. If Y has trivial action then 
GCoTk{X,Y) = Coik{X /G,Y) for a G-schcme X. Therefore wc have the natural 
identification Zg(1'')(X) = Z{q){X/G). Using this identification, Lemma [3.81 and 
the projection X x t/ — > X we thus have the comparison map 

^H]^{Xy.^U,Z{q)) = GH''{Xx'^U,2q~i). 

Taking {V, U) such that h.{V) — U has sufficiently large codimension yields the 
result. 

D 

6. Relative equivariant C artier divisors 

In this section we introduce an equivariant version of Suslin homology and relate 
it to the group of relative equivariant Cartier divisors. 

Let / : X — > S* be smooth. Recall that Gq{X/S) denotes the group of cycles 
on X which are finite and surjective over a component of 5*. If / : X — > S* is 
equivariant then we have an equivariant inclusion Co{X/S) C CoTk{S,X), induced 
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Let F : GCor°^ 



by {f,idx) -.X^SxX 
transfers. Define the pairing 

(6.1) Tr:CoiX/Sf®F{X) 

to be the composite 




-^ Ab be a presheaf with equivariant 

FiS) 

FiS) 



Co{X/S) 



evaluate 

GCoTk{S,X)(g,F{X). 

Define 

Cn{X/S) = Co{X X A"/S' X A"). 

The assignment n i— >■ Cn{X/S)'^ is a simplicial abelian group and hence gives rise 
to an associated chain complex. 

Definition 6.2. The nth equivariant Suslin homology of X/ S is defined to be 

Ht'{G;X/S) = H.nC,{X/Sf. 

Lemma 6.3. Let F be a homotopy invariant presheaf with equivariant transfers. 
The map i6.1\) factors through the zeroth Suslin homology group to yield the pairing 

Tr : hI'''{G\X/S)®F{X) ^ F{S). 

Proof. Because F{X x A^) = F{X) we have the commutative diagram 

Co{X X AV5 x Ai)G (g) F{X) -^^ F{S x A^) 



9o-9i 



Co{X/S)Gi 
which implies the lemma. 



F(X) 



Tr 



FiS), 



a 



Our next goal is to compute the equivariant Suslin homology of equivariant 
relative curves. Recall that an equivariant Carticr divisor on X is an element of 
T{X,K.*x/0*x)^, see Section [23] for a recollection. 

Definition 6.4. (1) Let X be a G-scheme and y C X an invariant closed 

subscheme. A relative equivariant Cartier divisor on X is an equivariant 
Cartier divisor on X (see Dcfinition l2.1ip such that Supp(il')ny = 0. Write 
Div (X, Y) for the group of relative equivariant Cartier divisors, where the 
group operation is induced by that on Div (X). 

(2) A principal relative equivariant Cartier divisor is an invariant rational func- 
tion / G T{X, JC*)'^ on X such that / is defined and equal to 1 on Y . 

(3) Write Div^^j(X, y) for the group of relative equivariant Carticr divisors 
modulo the principal relative equivariant Cartier divisors. 

Let i : y ^-> AT be an equivariant closed embedding of G-schemes. Define an 
etale sheaf on X by 

<Gx,Y = ker(05^- ^ i.Cf ). 
Since O*^ and Oy are etale G-sheaves, so is Gxy- See Section [521 for a recollection 
on G-sheaves and their cohomology. 
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Definition 6.5. The relative equivariant Picard group is defined to be 

Pic^iX,Y) ^ HI,{G;X,Gx,y)- 
From the definition of Gx.y we have a natural exact sequence 

(6.6) r{x,Oxf ^r{Y,OYf ^Pic'^(x,y)^Pic'^(x) ^Pic^(r). 

It follows from Theorem l2.6l together with the above exact sequence that Pic (X, Y) = 
^Zari^' -^' '^x,y)- '^^'^ following lemma is straightforward to verify. 

Lemma 6.7. The group Pic {X,Y) is isomorphic to the group consisting of pairs 
(£, (j)) where C is a G-line bundle on X and is an isomorphism (p : Oy — C\y 
of G-line bundles on Y and group operation induced by tensor product of G-line 
bundles. 

Proposition 6.8. There is a natural injection i : DiVj^j(X, y) ^-> Pic {X,Y). If 
in addition X has faithful action and Y has an invariant affine open neighborhood, 
then L is an isomorphism. 

Proof Let D e Div'~^{X,Y). Since Y n Supp(£') = 0, there is a canonical triv- 
ialization sd '. 0{D)\y ^ Oy- In particular we have a natural homomorphism 
Div^(X, Y) -^ Pic'^(X, Y). If {0{D), sd) = {Ox, id) then there is an isomorphism 
V' : Ox = 0{D) such that V|y = Sd- In particular V : T{X,C{D))^ ^ T{X,0)^ 
and letting / = ■(/'(I) G ^{X, ^)'^ we have D = div{f~^) and D\y = 1 which implies 
the first statement. 

The image of l consists of pairs [C, (p) such that C admits an equivariant in- 
jection into ICx and (j) extends to a trivialization on an open neighborhood of Y . 
When the action on X is faithful, every G-line bundle on X admits an equivariant 
injection in ICx by Proposition 12.131 When Y has an open affine neighborhood, 
every trivialization (j) extends to an open neighborhood of Y . D 

Lemma 6.9. If X is normal and Y is reduced then 

V\c^{X X A\y X A^) = Pic,^^t(X,y). 
// Y has an invariant open neighborhood then 

Div^,,(X X Ai,r X Ai) - Div,«,,(X,y). 

Proof. The first statement follows from the exact sequence (j6.6p . Lemma 12.81 and 
the five lemma. For the second statement, observe that \i K = ker(G —5- Aut(J'f )), 
then G/K acts faithfully on X and Div^„t(X, Y) = Div^/t^(X, Y). The result then 
follows from the first part together with Proposition l6.8l D 

Definition 6.10. Let X — > S" be an equivariant smooth map of relative dimension 
one in GSm/Zc. An equivariant good compactification of X over S is an equivariant 
open embedding X C X of G-schemes over S where X — > S" is a proper normal (not 
necessarily smooth) curve with G-action and X^o = {X — X)red has an invariant 
open affine neighborhood in X. 

Keeping notation as above, we have an isomorphism eye : Div(X, Y) = Co{X/S). 
Indeed cyc{D) is supported on X for a relative Cartier divisor D and the assump- 
tions above guarantee that it is finite and surjective over a component of S. It is 
straightforward to check this is an equivariant isomorphism (see Lemma l2.12p and 
so we immediately conclude the following. 
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Lemma 6.11. Let X -^ S be an equivariant smooth map of relative dim,ension one 
in GSia/k with good equivariant compactification X ^)- S . Then we have 

cyc:BiY''(X,Y)^Co{X/Sf. 

With these definitions, SusUn-Voevodsky's fundamental computation of the Sushn 
homology of relative curves extends to the equivariant setting. 

Theorem 6.12. Let p : X ^ S be an equivariant smooth quasi-affine curve with 
equivariant good compactification X ^ S . Then 

I n > 

is an isomorphism. 

Proof. This follows from an argument similar to |SV96[ Theorem 3.1]. Define 

Mn{X/S) = {/ e T(X X A",/C*) I / is defined and equal to 1 on S* x A"}. 

As shown in [SV961 proof of Theorem 3.1], Mn{X/S) C Cn{X/S). We have an 
exact sequence of complexes 

^ M,{X/Sf -^ C,(X/Sf -^ ^iv?at(X xA',Yx A*) ^ 0. 

By Lemma [6.91 the result follows once we show that j\4,(X/S)^ is acyclic. We 
work with the normalized chain complex. Let / S Ain{X/ S)^ and suppose that 
di{f) = 1 for i = 0, . . . , n. We need to show that there is 5 £ Mn+i{X/S)'-' such 
that dt{g) = 1 for i = 0, . . . ,n and dn+i{g) = f- Following jSV96| Theorem 3.1], 
consider 

gr = (i,+i + • ■ • + t„+i) + (to + • ■ • + ti)s.,{f). 
Since / is equivariant it follows that gi is equivariant. The function 

-1 (-1)" 

9 = gn9n-l---% 

is then equivariant satisfies and by loc. cit. it has the required properties. 

D 

We finish with a discussion of the compatibility of the above isomorphism with 
respect to push-forwards along finite morphisms. 

Lemma 6.13. The norm map N : 1C*{W) -> 1C*{X) is equivariant, where W ^ X 
is an equivariant finite surjective morphism between normal G-schemes. 

Proof. This follows from functoriality because if 5 : y — > y is an isomorphism then 
the norm N : K.*{Y') -^ 1C*{Y) is just the inverse of the induced map g : K.*{Y) -^ 
JC*{Y'). 

a 

Suppose that f : X ^)- Y is a finite surjective equivariant map between nor- 
mal G-schemes which restricts to a finite surjective equivariant map Xoo — )■ Yoo 
where Xoo Q X, Y^o C Y are invariant closed, reduced subschemes. The norm 
map induces a map D'rv {X,Xoo) -^ Div (F,yoo) which factors through rational 
equivalence to give 

/, : Divf,t(X,X^) ^ Divf,t{Y,Y^). 
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If Xoo Q X has an invariant afiinc neighborhood, every invcrtible invariant 
regular function a on Xao extends to an invariant rational function a on X. The 
difference of two different extensions is a principal relative equivariant divisor and 
so we have a map 

0*{Xo.f ^Bi^ttiX.Xo.). 

Additionally we can define /* : 0*{Xoo)'~^ -^ 0*{Yoo)^ as follows. Extend a to a 
as above. The value N{a)\Y^ does not depend on the choice of extension and it is 
easily checked that /*(«) = N{a.)\Y^ lies in 0*{Yao). 

Lemma 6.14. Let (1^,1^00) o^nd {X,Xao) be good equivariant compactifications of 
Y and X . Let f : Y ^>- X be a finite map which restricts to a map f : Y ^ X . 
Then the following diagram commutes 

0*{X^)G ^Dwf^t(X,X^)^-^Ht%G;X/S) 



/. 



/. 



/. 



0*(i^oo)^ ^Biv^,tiY,Y^) ^^ H§^^iG;Y/S), 

where the left hand and middle vertical maps are induced by the norm map and the 
right hand vertical map is push forward of cycles. 

Proof. The commutativity of the left hand square is immediate from the definitions. 
If Z? is a Cartier divisor on Y then f^,cyc{D) = cyc{f^:D) by [Gro671 Proposition 
21.10.17], this implies that the right hand square commutes. D 

7. Equivariant rigidity 

In this section we establish an equivariant version of the rigidity theorems of 
Sushn |Sus83| . Gabber |Gab92| . and Gillet and Thomason |GT84j . 

Proposition 7.1. Let S = Spec(C'(yQ^) be the Henselization of a smooth G- 
scheme at an orbit Gw. Let p : X ^ S be a smooth equivariant curve with a good 
compactification in the sense of Definition \6.10\ Let Xq — > Sq be the fiber over the 
closed orbit So in S. Then for any n coprime to char(fc), restriction induces an 
injection 

Ht'{G;X/S)/n ^ H^"%G;Xo/So)/n. 

Proof. By Proposition 16 . 81 and Theorem 16. 121 it suffices to show that the restriction 
Pic {X,Y)/n — > Pic {Xo,Yo)/n is injective. This follows by the same argument 
used in |MVW06l Corollary 7.19], replacing etale cohomology with H*f{G; — ) and 
replacing classical proper base change with Theorem 12. 101 D 

Suslin-Voevodsky's argument to prove |SV961 Theorem 4.3] for presheaves with 
transfers generalizes to the equivariant setting. 

Theorem 7.2 (Equivariant Suslin Rigidity). Let F be a presheaf with equivariant 
transfers which is homotopy invariant and F{Y) is torsion of exponent coprime to 
char(fc) for all Y . Let S = Spec{0'^ q^) be the Henselization of a smooth G -scheme 
at a closed orbit and X ^ S a smooth affine G-scheme of relative dimension one 
which admits an equivariant good compactification X ^>- S. 

If gi,g2 '. S ^ X are two equivariant sections which coincide on the closed orbit 
of S, then gl = g^ : F{X) -^ F{S). 
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Proof. For any n, Fn = ker(n : F ^)- F) is again a homotopy invariant presheaf with 
equivariant transfers and F = U„F„. Thus it suffices to consider the case when 
nF = 0. We may assume that X is cquivariantly irreducible. Let Y = {X — X)red- 
The images of the sections gi are closed subschemes Wi Q X which are elements 
of Co{X/S)^. By the definition of the pairing dH]), we have g* = Tr{W^). By 
Lemma 16.31 in order to conclude the result, it suffices to show that Wi — W2 
becomes zero in HQ^''{G;X/S)/n. But by Proposition 17. f I we have an injection 
ifo^"^(G; X/S)/n ^ H^'^'iG; Xo/So)/n, where Xq is the fiber over the closed orbit 
So in S and Xq. Since gi and 32 coincide on the closed orbit, we conclude that 
Wi - W2 is zero in H^'"'{G\ X/S)/n as needed. D 

Lemma 7.3. Let X he a smooth G-scheme of dimension d and x ^ X a ra- 
tional point such that the Gx -representation T^X decomposes as a sum of one- 
dimensional representations. Then there is a Gx-invariant neighborhood U of x, 
a Gx -equivariant map U — >■ T^X, a (d — 1) -dimensional representation W , and 
a linear projection T^X —?> W such that the composition U — )■ TxX -^ W is a 
Gx -equivariant curve with good compactification. 

Proof. For convenience, we will use the same notation for a representation W and 
its associated G-scheme A{W) = Spec(Sym(W^^)). Since x has an invariant affine 
open neighborhood, replacing X by this neighborhood we may assume that X is 
affine, say X = Spec(_R). 

There is a Gj; -equivariant map (p : X ^ TxX which is etale at x defined as 
follows. Let TO C i? be the ideal of x, which we view as an 00-dimensional Gx- 
invariant vector subspace, the quotient to — > m/m? has an equivariant splitting 
(since \G\ is coprime to char(fc)). We thus have a Ga;-invariant map m/rin? -^ m C R 
which induces Sym(TO/m^) — ;• R. Applying Spec(— ) gives the desired map. 

There is a Ga;-invariant open neighborhood U oi x such that (j>\u is etale. Replac- 
ing X by f/ we may assume that (j) : X ^ TxX is etale. Write TxX = Vi x ■ ■ ■ xVd 
where Vi is a one-dimensional representation. Write Z ~ TxX — (j>{X) and Zi = 
Z n {Vi X ■ ■ ■ X Vi). Since dimZ < d — 1, there is j such that dim Zj < j — I. 
Let i be the smallest such integer, then Vi D Z is finite. Let W = ®j^iVj and 
Y = F{V (Bl)xW. 

Since X —^ Y is equivariant and quasi-finite, the equivariant version of Zariski's 
Main Theorem, jLun73j in characteristic zero and |BR85j in general, yields an equi- 
variant factorization oi X ^ Y as the composition of an invariant open embedding 
X <Z X followed by an equivariant finite map (j) : X ^ Y. Since Y is an equivari- 
ant good compactification of 4'{X) over W and </> is affine, it follows that X is an 
equivariant good compactification of X over W. D 

Theorem 7.4 (Equivariant Gabber Rigidity). Let F be a presheaf with equivariant 
transfers on GSm/k which is homotopy invariant and torsion of exponent coprime 
to char(/c). Let X be a smooth G-scheme and x € X a rational point such that the 
Gx-representation TxX decomposes into a sum of one dimensional representations. 
Then 

F{Gx) ^ F{0'k,G.) 
is an isomorphism. 

Proof By Proposition [XTBl we have that G x^- 0^,^ = O'j^.cx- The map of the 
theorem is then e^F{k) -> f-*F[Oxx) where e : G^; Cor^ —5- GCor^ is given by 
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M i—> G x*^" A/. Replacing G by Gx and F by e*i^ it suffices to consider the case 
where G acts trivially on the point x. We proceed by induction on d, the case d = 
being clear. 

Write O = 0\^^ = '^T^Xfi and O' = Oj^.O' where W is such that tt : O ^ O' 
is a smooth cquivariant curve with good compactification, obtained from Lemma 
17.31 Write i : C — > O for inclusion. Then 1*71* = id. Consider the smooth 
equivariant curve pi : O Xq^ O ^)- O with good compactification. We have two 
sections given by {id, id) and {id, itt) . Both sections agree on the closed point and 
so {id, id)* = {id, in)* by Theorem 17.21 In particular id ~ {id,iTr)*p2 — n*i*. D 

8. Equivariant triples 

In this section we introduce an equivariant generalization of Voevodsky's stan- 
dard triples and establish the equivariant analogues of their basic properties. From 
now on k is assumed to be perfect. 

Definition 8.1. An equivariant standard triple {X -^ S,Xao,Z) consists of a 
proper equivariant map p of relative dimension one between G-schemes and closed 
invariant subschemes Z, Xoo of X such that 

(1) S is smooth and X is normal 

(2) X = X — Xoo is quasi-affine and smooth over S 

(3) z n Xoo = _ 

(4) Xoo U Z has an invariant affinc neighborhood in X. 



Note that X is an equivariant good compactification of both X and X — Z. 

Remark 8.2. By |MVW06l Remark 11.6], these conditions imply that S is affine 
and that Z and X^o are finite over S. 

Nonequivariantly any smooth scheme fits into a triple, locally around any finite 
set of points. Equivariantly this is more delicate. The reason is that if / : X — > S* 
is an equivariant curve which is smooth at a: G X then / : T^X — > Tf(^x)S is 
a surjection of /^.-representations, where T^X = (^x/Zcs)* ® k{x). Since \G\ is 
assumed to be coprime to the characteristic, this implies that the J^-representation 
TxX (over k{x)) has a one-dimensional summand. However it could happen that 
TxX has no one-dimensional summand, in which case there can be no such curve 
X ^S. 

Below, we construct triples around a given collection of points under the condi- 
tion that the tangent spaces at these points decompose into a sum of one-dimensional 
representations and all share a common codimension-one factor. This is enough for 
our applications when G is abelian and k is algebraically closed, as it implies we 
have triples around any orbit. 

Below we will often impose the following condition on an invariant finite set of 
points of a G-scheme. If G is abelian over an algebraically closed field, the condition 
is automatically satisfied when V consists of a single orbit. 

Condition 8.3. Let T' C X be a finite set of points of a d-l- 1-dimensional smooth 
G-schcme. Assume that there is a d-dimensional G-representation W such that, 

(1) for each x &P, there exists a /3;-linear projection T^X -^ M^fe(a.), and 

(2) W decomposes into a sum of one-dimensional representations. 
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Theorem 8.4. Let Y be a smooth G-scheme of pure dimension d + 1 over an 
infinite perfect field k. Let A 'Z Y he an invariant closed subscheme containing 
no component of Y and V Q A an invariant set of closed points. Assume that V 
satisfies Condition \8.S\ Then there exists an invariant open affine neighborhood U 
in Y ofV and an equivariant standard triple (U —5- S*, [/qo, Z) such that (U, UDA) ^ 
{U-Uoo,Z). 

Proof. We modify an argument of Walker JMVW061 Theorem 11.17]. We may 
assume that Y is affine and equivariantly irreducible. Embed y as a closed invariant 
subscheme Y C A{V), where y is a faithful G-representation. Let Y C F{V ® 1) 
be the closure of Y and write Vn = Sym"(F ® 1)/1- Let W^ be a d-dimensional 
G-representation satisfying Condition 18.31 

Equivariant linear projections p : P(Ki © 1) —5- P{W ® 1) restricting to a lin- 
ear projection A(V^„) -^ A{W) are parameterized by an open dense subscheme of 
HomG(y„, W), which is nonempty for n large enough. 

We claim that by taking n large enough, we can find an equivariant linear pro- 
jection p : A(V^) — > A{W) such that the following conditions are fulfilled, 

(1) p induces an equivariant rational map p : Y ---» P(VK©1) with finite center, 

(2) p: A-^ A{W) is finite, and 

(3) p : F — !> A{W) is smooth at every point oi y G V. 

By Theorem 12.171 for n large enough, the general equivariant linear projection 
satisfies the first two conditions. By Theorem l2.16[ for large enough n, the general 
linear projection p : A(14,) -^ A{W) also satisfies the third condition. 

Choose an equivariant linear projection p : A(14,) —^ A{W) satisfying the three 
conditions above. There is an invariant open neighborhood oi V in Y on which p 
is smooth. Replacing Y by this neighborhood, we may assume that p : y — > A{W) 
is smooth at every point oi p~^p{y). Write G for the center oi p : Y ---» P{W ® 1). 
Let Fi C y X V{W ffi 1) be the closure of the graph of F - G ^ F{W © 1). This 
is an invariant subscheme and defines an equivariant map Yi — > P(Ty© 1). Then 
y C y^ is an open invariant subscheme and yi — y has finite fibers over A(W^). 

Write E for the G-invariant, closed set of singular points of the map Yi -> 
P(W©1). Then E is finite over ea.chp{yi) sincep is smooth near each Yr\p^^p{yi). 
Therefore there is an invariant affine open neighborhood S of {p{yi)} in W over 
which E is finite and disjoint from A. Define U to be p~^{S)r\Y—Y,. By construction 
p : U ^ S is smooth and equivariant. Define U CYi to be the preimagc of S and 
Uoo = U -U. Then both U n A ^ S and U^ ^ S are finite. 

Lastly, shrinking S if necessary, as in |MVW06l Theorem 11.17], we have that 
Uoo Y[U O A has an afRne neighborhood in U. Intersecting the translates of this 
neighborhood now provides the desired invariant affine neighborhood. D 

Let {X -^ S,Xoo,Z) be an equivariant triple. Write AX for the equivariant 
Cartier divisor associated to the diagonal X iZ X Xg X. 

Definition 8.5. An equivariant standard triple is split over an invariant open 
[/ C X if AX\iJxsZ is an equivariant principal divisor. 

The proof of the following is straightforward. 

Lemma 8.6. Let f : S' ^f S be an equivariant m,ap between smooth affine G- 
schemes over k and T = (X — > S,Xoc,Z) an equivariant triple over S. Then 
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f*T ~ (X X5 5' — !• 5', Xoo Xs »5", Z X5 S") is an equivariant triple over S' . IfT is 
equivariantly split over U then f*T is split over U Xg S' . 

In the equivariant case, the question of a triple being locaUy spht is more dehcate 
than its nonequivariant analog. Nonequivariantly, all divisors on X x X are locally 
principal. The nonequivariant argument requires more work as an equivariant Weil 
divisor (equivalently by Lemma l2.12| an equivariant Cartier divisor) on a smooth 
G-scheme might not be locally equivariantly principal. This can be seen for example 
from Proposition 12 . 131 together with the fact that Pic (S*) can be nonzero for local 
rings S. Alternatively, note that the equivariant principal divisors are r{X, /C*)*^ = 
T{X/G^ K.*) and of course it often happens that not all divisors on the quotient are 
locally principal. 

Example 8.7. Let X = A^ with Z/2-action x ^-> -x. Then {X x X)/Z/2 has 
coordinate ring k[x'^ , ij^ , xy\ which is isomorphic to k[xi^X2,x^]/(xiX2 — X3), the 
coordinate ring of an affinc quadric cone. The ruling Y defined by {x2,x^) is a 
divisor on {X x X)/1/2 which is not locally principal, see e.g., |Har771 Example 
6.11.3]. 

If TT : A -> A/G is a quotient and i? C ^ is an invariant closed subscheme then 
since \G\ is coprimc to char(fc) the canonical map B /G — > 7r(_B) is an isomorphism. 
In particular we have a Cartesian square 

X^ — ^X XsX 



X/G^ ^{XxsX)/G, 

whenever the right hand vertical quotient exists. 

Proposition 8.8. Let J be a smooth G-scheme which is finite over k and letC^fJ 
he a smooth equivariant curve. Then the Weyl divisor (AC)/G M- (C Xj C)/G is 
locally principal. 

Proof. Consider the coherent sheaf 0{AC/G) on [C Xj C)/G associated to the 
Weyl divisor {AC)/G. The condition that the divisor (AC)/G is locally principal 
is equivalent to the condition that the coherent sheaf C(AG/G) is locally free. Let 
k be an algebraic closure of k. The sheaf 0{AC/G) is locally free if it is so after 
base change to k. The base change of 0{AC/G) to k is the sheaf associated to 
{AC/G)-j:. Since {AC/G)j = {AC^)/G it is enough to consider the case when k is 
algebraically closed. 

When k is algebraically closed, J = G/H and G = G x^ G' for some smooth 
H-cmvc G' -^ Spec(fc). Since (G XjG)/G = [C x C')/H we may replace G by G' 
and G by H. In other words, we may assume that J = Spec(A:) and it suffices to 
show that for a smooth G-curve over the algebraically closed field fc, the coherent 
sheaf associated to AG/G ^-> (G x C)/G is locally free. 

Let c G G be a closed point. Write C(AG/G)[c] for the restriction of 0{AC/G) 
to (G x Gc)/G. The sheaf C'(AG/G)[c] is the coherent sheaf associated to the 
divisor (AGc)/G ^^> (G x Gc)/G. Since c is a rational point, Gc = G/Ic x {c}. 
This implies that the divisor (AGc)/G ^^ (G x Gc)/G is identified with [c] '^ 
{GxG/Ic)/G = {Cx^'=G)/G = C/Ic. Normality is preserved under taking quotients 
and so G/Ic is a normal curve. Therefore it is also smooth and so C'(AG/G)[c] is 
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locally free of rank one. Every closed point of (C x C)/G is in some (C x Gc)/G 
and so ra.T\kx[0{/^C / G)] ~ 1 (where rank^; F = dini^.(a;) Tx ® k{x)) for every closed 
point a; S (C X G)/G. But the collection of points where the rank of a coherent 
sheaf takes on a fixed value is constructible and so rank2;[C'(AC/G)] = 1 for every 
X e (C X C)/G. A coherent sheaf J^ on a reduced scheme X is locally free exactly 
when X i-> rank^: J^ is a locally constant function on X . We conclude that 0{AG/G) 
is locally free of rank one. D 

Corollary 8.9. Let X ^)- S be a smooth equivariant curve. Then the equivariant 
Cartier divisor AX ^^ X Xs X is equivariantly locally principal. 

Proof. As this is a local question, we may assume that X and S are quasi-projective. 
We also write AX for the associated equivariant Weyl divisor on X Xs X. We have 
the Cartesian square of normal schemes 

AX ^X xsX 



AX/G ^{X xsX)/G. 

The equivariant Weyl divisor AX ^^ X Xs X is equivariantly locally principal if 
the Weyl divisor {AX)/G M> {X Xs X)/G is locally principal. This Weyl divisor is 
locally principal exactly when the associated coherent sheaf 0{{AX)/G) is locally 
free. Consider the map p : {X Xs X)/G — >■ S/G. The fibers over a point [s] € S/G 
are p-^{[s]) = [Xgs xgs Xgs)IG. The restriction 0{{AX)/G\s\ of 0{{AX)/G) 
to the fiber p^^([s]) is the coherent sheaf associated to {AXgs)/G ^^ {Xgs xgs 
Xgs)/G. By the previous proposition 0{{AX)/G)[g] is locally free of rank one for 
all closed points [s] € S/G. Every closed point of Supp(AX/G) is in some p~^([s]). 
The sheaf 0{{AX)/G) is isomorphic to the trivial line bundle at all points not in 
Supp(AX/G'). We conclude that the coherent sheaf 0{{AX)/G) has rank one at 
all closed points and hence has rank one at all points. It follows that it is locally 
free of rank one. D 

The following is an important example. 

Lemma 8.10. Let J be an equivariantly irreducible zero dimensional smooth G- 
scheme and C ^ J a G-line bundle. Let X^o and Z be disjoint, invariant nonempty 
finite subsets o/P(>C© 1). Then 

{PiC(Bl)^J,X^,Z) 

is an equivariant standard triple which is equivariantly split over any invariant open 
U CC. 

Proof. That this is an equivariant standard triple is clear. Consider the equivariant 
Cartier divisor AC C Cxj C. By Corollary 18.91 it is equivariantly locally principal. 
This implies that 0{AC/G), the coherent sheaf on {L Xj C)/G associated to the 
Weil divisor {AC)/G, is a line bundle. Consider an a; £ J and C^ the fiber of C 
over X. 

We claim that the natural map ip : [Cx Xx Lx)/Lx -^ [C Xj C)/G is an iso- 
morphism. It is enough to check that ij) is an isomorphism after base change to 
K = k(x). Taking quotients commutes with base change in the sense that if X is 
a G-scheme over k then Xk is a G-scheme over K and we have an isomorphism 
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of iiT-schenies {X/G)k =■ {Xk)/G. The base change of -0 is then identified with 
i^K ■■ {Cxk x-xk ^xk)/Ix -^ {Ck. y-jK C.k)/G. Since Jk = G x-^- xk as 7^-schemes 
and Ck XJk ^k = G x^" {J^xk ^xk ^xk) it foUows that tpK is an isomorphism as 
required. 

Now by }Kan79l Theorem 2.4], Pic((£ Xj C)/G) = Pic((/:^ x^ Cx)/!-^) = 0. 
Therefore the G-hne bundle 0(AC) is trivial, equivalently AC is equivariantly 
principal on £ x j £ which implies the result. D 

Theorem 8.11. Let {X — ^ S,Xoo, Z) be an equivariant standard triple. Then any 
finite invariant set of points in X has an invariant open neighborhood U over which 
this triple splits. 



Proof. Let T' C X be an invariant finite set of points in X . The equivariant map 
TT : X Xs Z ^ X IS finite and so tt^^V C X Xs Z is also an invariant finite 
set of points. By Corollary 18.91 the equivariant Cartier divisor D = AX\xxsZ 
is equivariantly locally principal. This means that D/G is locally principal on 
{X Xs Z)/G. Let F C {X Xs Z/G) be a neighborhood of V/G on which D/G 
is principal and let y C X xs Z be its preimage. There is some equivariant 
neighborhood U oi V such that U xs Z '^V . The equivariant triple is split over 
this U. D 

Two equivariant finite correspondences Ao,Ai G GGovk{X^Y) are said to be 
h}-homotopic provided there is /? € GGoTk{X x A} ,Y) such that /3|xx{fe} = ^k- 

Proposition 8.12. Let {X — > S,Xao, Z) be an equivariant standard triple which is 
split over an open affine U C X . Then there is an equivariant finite correspondence 

X:U ^ X - Z 

such that A composed with j : X — Z C X is A^ -homotopic to the inclusion i : U Q 
X. In particular for any homotopy invariant presheaf with equivariant transfers F, 
we have the commutative diagram 

F{X) ^-^F{X - Z) 



F{U). 



Proof. We write Xjj = U Xs X. Pulling back to U gives the equivariant triple 
(p' : Xjj — >• [/, (Xoo)c/, Zu). The diagonal A : [/ — > Xu is an equivariant section of 
p', so is an element of Co{Xu/U)^. By Theorem 16. 121 it thus determines the class 
AU e DiVj.i^^{X(j,{Xoo)u)- By assumption, AC/ restricted to Zu is equivariantly 
principal, say AU\zu — i'^^u), where rjj is an invariant regular function. Since 
ZuJAi-^oo)u has an invariant affine neighborhood in Xu, we can use the Chinese 
remainder theorem to find an invariant rational function (j) on Xu which is defined 
in an invariant neighborhood of Zu IJ(^oo)f7 and is equal to 1 on {Xoc)u and equal 
to ru on Zu. Note that (0) is zero in D[v^^f{Xu, iXoc)u)- We hft the class AU to 
a class [A'] e Divf,t(Xu, (Xooh U Zu) by setting [A'] ^ AU - (0). 
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Let F be any homotopy invariant preslieaf witli transfers. The diagram 

F{Xu) ^Fi{X-Z)u) 




Tr{[\]) 



is commutative, where the vertical and diagonal maps arc those obtained from 
LemmaO Let A' £ Co{{X - Z)u/Uf C GCoTk{U,{X - Z)u) be any repre- 
sentative of [A']. Let \ : U ^ X — Z he the composition of A' together with the 
projection to X — Z . It is easily verified that j\ and i arc A^-homotopic. 

D 

Theorem 8.13. Let F be a homotopy invariant presheaf with equivariant transfers. 
Let X he a smooth G-scheme over k of dimension d-\-l and V Q X a dense invariant 
open subscheme. Let V ~ {xi, . . . ,a;„} be an invariant set of points which satisfies 
Condition \8.S\ . Then there exists an open invariant neighborhood U of V , and a 
map (j) : F{V) — >■ F(U) such that the following triangle commutes, 

F{X) 




F{V) —-^ F{U) 



Proof. First we treat the case of an infinite field. By specialization we may assume 
that all points in V are closed. We may replace F by F — T' and so we may assume 
that the points V are contained m Z = X — V. By Theorem 18.41 and Theorem 
18.111 we may shrink X around V and assume X fits into an equivariant triple 
{X — )- S,Xoo,Z) which is split on an invariant affine neighborhood U of V. By 
Proposition 18. 121 we have a equivariant finite correspondence X: U-t-X — Z~V 
such that (j)= X* : F{V) -^ F{U) factors F{X) ^ F{U). 

Note that if fc is a finite field, the argument in Theorem 18.41 shows that for each 
prime p there is a finite extension k' of k with [k' : k] a power of p so that there is an 
invariant open U' of Y^' so that {U' ,U' D A^r) comes from an equivariant standard 
triple over k' . The extension of the result to finite fields now follows by a standard 
transfer argument, see |MVW06| proof of 11.3]. 

D 

As usual if S* = lim Si is an inverse limit of finite type smooth G-schemes over k 
and i^ is a presheaf on GSm/fc then we define F{S) = colimF(S'i). 

Corollary 8.14. Let F be a homotopy invariant presheaf with equivariant transfers. 
Let S = Ox,v be the semilocalization of a smooth G-scheme X at an invariant 
finite set of points V Q X which satisfies Condition \8.3\ . Let V Q S be an invariant 
Zariski dense open. Then F{S) ~> F{V) is an injection. 

Proof. We write S — ClaXa and V ~ ClaVa with Va C X^ an invariant open dense 
subscheme. Then F{S) — >■ F{V) is the filtered colimit of the maps ia ■ F{Xa) — > 
F{Va). The Ua given by Theorem 18. 131 is contained in some X^ and so the kernel 
of ia vanishes in F(X^). Thus the colimit is an injection as needed. D 



38 J. HELLER, M. VOINEAGU, AND P. A. 0STV^R 

Recall that a G-scheme W is called equivariantly irreducible if there is a con- 
nected component Wq of W such that G ■ Wo = W. The underlying scheme of a 
zero dimensional G-schcme J over A: is a disjoint union of spectra of fields and we 
say that J is finitely generated over k if each of these fields is finitely generated 
over k. 

Corollary 8.15. Let F be a presheaf with equivariant transfers. If F{J) ~ for 
any equivariantly irreducible, finitely generated, zero dimensional G-scheme J over 
k then F{S) — for all S ~ Ox.v where X is a smooth G-scheme and V Q X is 
a finite invariant set of points satisfying Condition \8.9\ . 

Proof. Write J for the set of generic points of X with its induced G-action. By the 
previous corollary, F{Ox.v) ^ F{J) =0. □ 

Definition 8.16. An equivariant covering morphism f : Ty -^ Tx, of two equi- 
variant standard triples Ty = (y — > S", Fqo, Zy) and Tx = (X — > 5, X^o, Zx), is an 
equivariant finite map f :Y ^f X such that 

(1) f{Y) C X, 

(2) /|y : y -> X is etale, 

(3) / induces and isomorphism Zy -^ Zx, and Zy ~ f^^Zx H Y . 

Recall that we use the notation Q{X.,Y^A) for the equivariant distinguished 
square 

B s-y 




where i is an equivariant open embedding and / : y — )■ X is an equivariant etale 
morphism. 

Definition 8.17. Let / : Ty — > Tx be an equivariant covering morphism of equi- 
variant standard triples as above. The associated equivariant distinguished square 
to this morphism is Q = Q{X,Y,X — Zx) and we say that the square Q comes 
from this covering morphism. 

The following is an important class of examples. 

Example 8.18. Suppose that X is affine, has an equivariant good compactification 
X over some smooth S (see Definition 16. 10|) . and X = [/ U 1^^ is an open cover by 
invariant open subschemes such that X — (U HV) has an open affine neighborhood. 
Then 

unv ^u 



V ^x 

comes from the morphism of triples {X, X — U,X — V) — )■ {X, Xqo, -'^ — V) defined 
by the identity on X. 

Theorem 8.19. Let X be a smooth equivariantly irreducible G-scheme overk. Let 
Q' = Q(X' ,Y' , A') and Q = Q{X,Y., A) be equivariant distinguished squares such 
that Q' is the restriction of Q along an invariant open subscheme X' C X. Write 
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j '■ Q' '^ Q for the inclusion. Assume that X' and Y' are affine and that Q comes 
from an equivariant covering map 

Ty = (F, Y^,Zy) -^Tx = (X, Xoo, Zx) 

of equivariant standard triples and that Tx splits over X' . 

Let F : G Cor^'' -^ Ab be a homotopy invariant presheaf with equivariant trans- 
fers. Then the map of complexes 







^ F{X) -^-^ F{A) © F{Y) -^-^ F{B) 



3X 



m 



Q' 



^F{X'] 



!^!-l!X F[A') ® F{Y')''^-^ F{B') 



is chain homotopic to zero. 

In particular if Q' = Q then the Mayer- Vietoris sequence 



■0 



-^ F{X) -^ F{A) © F{Y) -^ F{B) 







is split- exact. 



Proof. By Lemma 18.211 and Lemma 18.221 we have maps si = {Xa,0) : F{A) © 
F(Y) -^ F{X') and sa = {iJJ,Xb) ■ F{B) -^ F{A') ® F{Y'). For these maps 
to form a chain homotopy from j to zero we need that sd + ds = j. This boils 
down to six equations. Three come from the commutativity of the trapezoid in 
Lemma l8.21l The remaining three which involve -0 are Tpi ~ 0, ja — i' Xa — ''Pf and 
is — i'Xb — /'V-'- These follow from Lemma [8.221 D 

Lemma 8.20. Let f : Ty — > Tx be an equivariant covering morphism of equivari- 
ant standard triples. If Tx is split over V then Ty is split over f~^(V) n Y. 

Proof. By assumption AX\vxsZx i^ ^^ equivariant principal divisor, say AX\vxsZx 
(0). Then (/ x f)*{AX) = AY + Q, where the support of Q is disjoint from 
that of Ay. Since Zy = Zx, Supp(Q) is also disjoint from Y Xs Zy. Therefore 

QIyxsZy = (!)• Since (A + Q)|(/-iynF)xsZy = (0 ° (/ x /)), it follows that 
^Y\(^f-ivnY)xsZY = (0 ° (/ X /)) as well. D 

Lemma 8.21. Let j : Q' ^^ Q be as above. Then there are finite equivariant 
correspondences \a '■ X' — > A and Xb : Y' ^ B such that the following diagram in 
GCoTk is A^ -homotopy commutative, 



Y ^ 




Proof. The equivariant triple Tx is split over X' . By Lemma r8.20[ Ty splits over Y' . 
Proposition 18.121 gives the existence of A^i and Xb making the triangles commute 
up to A^-homotopy. The square is easily seen to commute up to A^-homotopy by 
the construction used in the proof of Proposition 18.121 D 
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Lemma 8.22. Let j : Q' ^^ Q be as above. There is an equivariant correspondence 
"0 £ GCoTk{A' , B) such that the square 




is homotopy commutative in G Corfc, where \a £ G Corfc(X', A), \b G G Corfc(y , B) 
are the equivariant correspondences from Lemma \8.21\ Moreover the composite 
iip : A' ^ Y is A^ -homotopic to zero. 

Proof. First we define the equivariant correspondence V' G GCork{A', B). Write 
AX' for the equivariant Cartier divisor on X' Xs X corresponding to the graph of 
X' '-^ X. Similarly, write AY' for the equivariant Cartier divisor corresponding to 
the graph of Y' ^ Y. Write M for the puUback of AX' to X' XsY. 

The support of AX' is disjoint from A' xs Zx so AX'\a'-xsZx = (!)• Similarly 
A^U'xsZx = (1) and AF'lij/xsZy == (1). 

By assumption AX' I x'xgZx is equivariantly principal. Bv Lcmma l8.20l AY'\y'xsZy 
is equivariantly principal as well. Write AX'\x'xsZx = (^x), -^Ix'xsZy ~ (''J\/)i 
and AY'Iy'xsZy = (''i')i where rx, rM, and ry are invariant regular functions. 
Furthermore we have that rx is invertible on A' x 5 Zx ■ Similarly rM is invertible 
on A' Xs Zy and ry is invertible on y x 5 Zy . Under the isomorphism Zy = Zx , 
rx becomes identified with rM- 

Let U be an invariant afhne neighborhood of YooYi^Y in Y. Then X' Xs U 
is an invariant afhne neighborhood oi X' X5 (KxjIJ-^^')- Since points of {X' X5 
U)/G are orbits, X' Xs Y^o and X' Xs Zy remain disjoint in {X' X5 U)/G. Since 
char(fc) doesn't divide |G|, we have {X' XsYoo)/G = n{X' XsY^o) and similarly for 
X' Xs Zy where tt : X' Xs U ^ {X' Xs U)/G is the quotient map. The invariant 
regular functions 1 and rM on X' X5 Zy and X' xg Yoo define invariant regular 
functions on their quotients. Since {X' XsU)/G is affine, we can apply the Chinese 
remainder theorem to obtain a regular function h on {X' Xs U)/G that equals ¥m 
on {X' Xs Zy)/G and 1 on {X' xs Yoo)/G. We thus have an invariant regular 
function h ox\ X' X s U which equals rM on X' x 5 Zy and 1 on X' x 5 Foo • 

View h as an invariant rational function on A' x 5 Y . The support of its divisor 
is disjoint from A' Xs {ZyWYoa) and so is an element of Div {A' XsY^A' Xs 
(^A-U^o)) = Co{A' Xs BlA!f. Since C^{A! xs B/A')^^ C GCorfc(A',B), the 
divisor —{h) determines the equivariant correspondence -0 : A' ^ i?. It remains to 
verify its properties. 

First iip e G Cor k{A',Y) corresponds to -(/i) in Div'^(A' XsYA' XsY^). But 
since h\A'xsY^ ~ 1, ^(h) is a principal relative equivariant Cartier divisor and so 
represents in Hq^'^{G; A' Xs Y/A'). Thus iip is A^-homotopic to zero. 

It remains to see that the diagram of the lemma is homotopy commutative. 
By the construction of Xa and A^ the composition Xa o i' S G Cork{A' , A) and 
Xboi' G GCoTk{B', B) are represented by the classes AA' — {4'x) and AB' — {(j)y) 
in Div^.t (^' X s X , A' X s (Xoo U ^Jf ) ) and Div^.t (B' X s F , B' x s (Foo U ^y ) ) , where 
(j)x is an invariant rational function which is 1 on ^' x 5 X^o ■ 
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On the other hand the inclusions ja and jb are represented by the classes AA' 
and AB' . It follows that the differences Xao^'—Ja G G Corfc {A' , A) and XB°i'—JB £ 
G Cork{B' , B) are represented by the classes {(px) and {(py) respectively. 

The composition t/i/' e GCoik{B' ,B) is represented by the divisor of the rational 
function hf which is 1 on _B' X5 Yoo and tm/' = ry on B' x s Zy. We thus have 
ipf = XBoi'- JB in Div^,j(B' XsY,B'x {Y^ ]} Zy))- 

Now the composition fip G G Cor^ {A' , A) represents the push forward of ip along 
iJo^"^(G; A' xs B/A') -^ H^'^'iG^A' xg A/ A'. By Lemma EH this is represented 
by the norm N{h-^). Since h-^ is 1 on /"H^oo) Q ^oo, N{h) = lon A' Xs X. 
By the next lemma we have that N{h) = rx on A' Xs Zx which yields fij) = 
XA°i' — JA e G Corfe(A', A) as desired. D 

Lemma 8.23. Let f : U ^ V be a finite equivariant map with U and V normal. 
Suppose that Z C V and Z' C U are reduced closed subschemes such that the 
induced map Z' ^- Z is an isomorphism and U ^- V is Stale in a neighborhood of 
Z'. Ifhe 0*{Uf is 1 on f-\Z) - Z' then N{h)\z and h\z' are identified by 
Z' = Z. 

Proof. This follows immediately from the nonequivariant statement [MVW, Lemma 
21.10]. (i.e., forget the G-action then [MVW, Lemma 21.10] tells us that N{h)\z 
and h\z' arc identified by Z' = Z. D 



We finish this section with the following useful application of Theorem 18.191 

Theorem 8.24. Let F be a homotopy invariant presheaf, J an equivariant irre- 
ducible zero dimensional smooth G-scheme over k, and C -^ J a G-line bundle. 
For any open invariant U ^ C we have 




HcNisiU^FoNis) = 

Proof. CoroUarv 13.101 implies that Hqj^^^{U,F) := for i > 1. Consider an equi- 
variant distinguished square Q = Q(U,V, A)^ 




There is an equivariant embedding of V into a smooth projective curve V with 
G-action which is finite over P(£© 1). Indeed, ignoring the group action on V there 
is an embedding into a smooth projective curve V. Rational maps between smooth 
projective curves extend uniquely to morphisms which implies that V inherits a 
G-action from V and maps cquivariantly and finitely to V(C © 1). 

The square Q comes from the equivariant covering morphism of equivariant 
standard triples, (F,Ko,^) ^ {¥{€ ® l),Uoo,Z) where Voo =V -V, Uoo ^ 
F{C ® 1) - t/, and Z = [/ - A. The triple (V{C © 1), C/oo, Z) is split over U by 
Lemma [8. 101 Applying Theorem 18. 191 with Q = Q' we see that the Mayer- Vietoris 
sequence 

-^ F{U) -^ F{A) © F(y) -> F{B) -^ 
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is split exact. This implies that _F is a sheaf in the equi variant Nisnevich topology on 
U and that H^{U/U, F) = for any cover U coming from a distinguished Nisnevich 
square. 

Wc claim that any equivariant Nisnevich cover of U can be refined by one coming 
from an equivariant distinguished square, and consequently H^{hi,F) = 0. This 
finishes the proof since H^j^f-^{U,F) = H^{U,F). First, since F takes disjoint 
unions to sums we can replace a cover {Vi -^ U} by a single cover f : V' ^ U. 
Indeed there is a dense invariant open A Q U over which / has a splitting. The 
complement Z = U — A is a finite set of closed points and we choose a splitting 
Z CVz- Let V = V' — {Vz ~ Z) then Q{U, V, A) is a distinguished square and the 
associated cover refines f : V' ^ U. D 

9. HOMOTOPY INVARIANCE OF COHOMOLOGY 

In this section we show that when G is abelian, the equivariant Nisnevich coho- 
mology with coefficients in a homotopy invariant presheaf with transfers is again 
homotopy invariant and is a presheaf with equivariant transfers. This result is a 
fundamental technical result in Voevodsky's machinery of presheavcs with trans- 
fers and we need the equivariant analogue for our application to the equivariant 
Cancellation Theorem. 

Throughout this section, G is an abelian group and we assume that the base 
field k satisfies the property that all irreducible representations of G over k are 
one dimensional (for example an algebraically closed field k satisfies this property 
for any abelian group). Starting in Section 19.21 we additionally assume the base is 
algebraically closed ii G ^ Z/2. 

Proposition 9.1. Let F be a homotopy invariant presheaf with equivariant trans- 
fers. Then Fgnis is also a homotopy invariant presheaf with equivariant transfers. 

Proof. By Theorem 14. Ill FoNis is a presheaf with equivariant transfers. To show 
homotopy invariance it suffices to show that i* : FoNisiX x A^) — >■ FcNisiX) is 
injective, where i : X ^i- X x A^ is the inclusion at G A^. We may assume that X 
is equivariantly irreducible. Let Z C X he the set of generic points with induced 
G-action. Write K for the residue field of an i] G Z. Then Z is an equivariantly 
irreducible zero dimensional smooth G-scheme over K. We have a commutative 
square 

FamsiX X A^) ^ FamsiX) 



FGN^s{Z X A}) ^ FamsiZ). 

The bottom arrow is an isomorphism by Theorem 18.241 since F may be viewed as 
a homotopy invariant presheaf with equivariant transfers on GSm/if. The vertical 
arrows are injective by the following lemma and so i* is injective and thus Fo^is 
is homotopy invariant. D 

Lemma 9.2. Let F be a homotopy invariant presheaf with transfers. Let X be a 
smooth G-scheme over k and V '^ X a dense, invariant open subscheme. Then 

FcNisiX) -^ FcNisiV) is injective. 
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Proof. Suppose that a G FcNisiX) vanishes in FcNisiV). For x e X, consider the 
image of a in FcNisiOx.Gx) = Fi^x,Gx)- Since a goes to zero in F(y Xx Cx,Gx) 
there is an equivariant etale neighborhood </) : F — > X of Gx and a' € -F(F) an 
element such that a maps to a' in the stalk and maps to zero in F{(j)~^V). But 
by Theorem 18.131 there is an open invariant neighborhood U of Gx in Y such that 
F{Y) -^ F{U) factors through F{(f)~^V) and thus a' goes to zero in F{U) and thus 
in F{0\(.^). It follows that a = 0. D 

9.1. Equivariant contractions. If F is a preshcaf with transfers on Sm/Zc the 
contraction F(_i) defined by F(_i)(X) = F{X x A} - {Q})/F{X x A^) plays an 
important role in the analysis of the structure of presheaves with transfers. We 
introduce an equivariant analogue and establish a few basic results concerning equi- 
variant contractions. 

Definition 9.3. Let i^ be a presheaf on GSm/k and W a representation of G. 
Define the presheaf -^'(-ly) by 

F^_w){X) = coker(i^(X x k{W)) -> F{X x k{W) ~ {0})). 

When _F is a presheaf with equivariant transfers then so is _F(_vy) since it is the 
quotient of such presheaves. Similarly if F is homotopy invariant then F(^_wr^ is as 
well. 

Nonequivariantly the inclusion X = X x {\} (Z X x K^ splits the projection 
X X k^ ^ X. This induces a decomposition F{X x A^ - 0) = F{X) © F(_i)(X) 
whenever F is homotopy invariant. When M^ is a representation with W'^ = 
then there is no such equivariant spitting. Nonetheless when i^ is a presheaf with 
equivariant transfers wc still obtain this decomposition, at least for affine X . 

Proposition 9.4. Let F be a homotopy invariant presheaf with equivariant trans- 
fers on GSra/k. Let S be a smooth affine G-scheme over k and W be a one- 
dimensional representation. Then there is an equivariant finite correspondence 
X : S X A(W) -^ S X A{W) — inducing a decomposition 

F{S X A{W) - {0}) = F{S) © F(^_w)iS). 

Moreover, this decomposition is natural for equivariant maps S' — > S , where S' is 
affine. 

Proof. We have an equivariant standard triple {SxF{W(Bl) — > 5, 5xoo, S'xO). By 
Lemma fS. 101 this is split over X = S x A{W). Applying Proposition lS. 121 viclds the 
correspondence A which induces the splitting F{S x A(M^) — 0) -^ F{S x A{W)). D 

Proposition 9.5. Let F be a homotopy invariant presheaf with equivariant trans- 
fers and W a one- dimensional representation. Then 

{FGNis){-W}iS) = {F{-W))GNis{S) 

for any smooth semilocal G-scheme S . 

Proof. By Proposition 19. 1[ FcNig is a homotopy invariant sheaf with equivariant 
transfers. Observe that {F(^_iY))GNis ^ iFGNis)(-w) is a morphism of presheaves 
with equivariant transfers. Applying Corollary 18.151 to the kernel and cokernel of 
this map, it suffices to show that (F(_vK))GAfis(<^) = {FGNis){-w){J) for any cquiv- 
ariantly irreducible zero dimensional G-scheme. The left-hand side is by definition 
F{J X A{W) - {0})/F{J X A(W)). The right-hand side is FamsiJ x A(M^) - 
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{0})/Fgnis{J X A{W)). Applying Proposition \9J\ and Theorem [8.241 shows the 
two sides are equal as needed. D 

Definition 9.6. Let i : Z ^^ Y he an invariant closed embedding with open 
complement j : V 'Z Y and F a presheaf. Define the equivariant Nisnevich sheaf 
F(Y.z) on Z as in the nonequivariant case. That is let K(^y.z) = K he the cokernel 

of F ^ j^.j*F and define F(^y,z) = {'i*K)GNis- 

Since sheafification is exact we have an exact sequence 

(9.7) Fams ^ {3*j*F)Gms ^ uF^y,z} ^ 0. 

Lemma 9.8. For n > we have F{^j^^^{-,F)(^y,z) ~ i*R"j^,F. 

Proof. The same argument as in [MVW061 Example 2.3.8] works here. Namely, 
we have H}^j^^^{-,F)GNis = and therefore i*H''{F)^Y^z) ^ {.]*]* H"iF))GNts = 
R^jt^F. Since i*i.^, ~ id the result follows. D 

Let i : S '-^ S y. K{W) he the invariant closed embedding determined by G 
K{W). Then F(_w){U) = K{U x K{W)). We obtain by adjunction the map 
K{U X K{W)) -^ ui*K{U X A{W)) = i*K{U). Therefore we have the map of 
sheaves on S 

{F(^-W))gNis -^ -F'(SxA(W),SxO)- 

Proposition 9.9. Let F he a homotopy invariant presheaf with equivariant trans- 
fers, W a one- dimensional G -representation, and S a smooth G-scheme. Then we 
have an isomorphism 

iF(^-W))GNis\s ^ -P'(SxA(W),SxO)- 

Proof We use the argument of |MVW06l Proposition 23.10]. Wc need to compare 
i^(_n/) and j*j*F/ F in an invariant neighborhood of an orbit Gs of a point s in a 
smooth affine G-scheme S. The equivariant standard triple T = {¥{W © 1)5, S x 
00, S' X 0) is split over 5* x A{W) by Lemma 18.101 Let U be an affine invariant 
neighborhood of 5* X Gin 5 xA(P^) and let Tj/ = {¥{W®l)s,ViW®l)s-U,S xO). 
We need to show that by shrinking S the union F{W ® 1) s — U U S x has an affine 
invariant neighborhood and therefore Tjj is an equivariant standard triple. 

There is an invariant open V C P(iy © 1) so that Gs x V contains Gs x and the 
finite invariant set F{W © 1)gs — Uqs- The complements of U and S xV intersect 
in a closed subset, disjoint from the fiber F{W © 1)gs- Since F{W © l)s is proper 
over S we may shrink S around Gs to assume that the complements are disjoint. 
Then S xV contains both F{W © l)s - f/ and 5 x as needed. 

The identity on P(iy © 1) is an equivariant covering morphism of triples Tjj -^ T. 
Let Uq = U — S X 0. Consider the distinguished square Q 

Uo ^U 



S X A{W) - - — ^ SxW. 

Write Q' for the same square. The identity Q' — Q comes from the map of triples 
Tu — >■ r, see Example 18.181 Applying Theorem 18.191 we have a split exact Mayer- 
Vietoris sequence 

-^ F{S X K{W)) ^ F{S X ly - 0) © F{U) -^ F{Uo) -^ 0. 
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This together with the homotopy invariance of F iniphes we have a pushout square 

F{S X A{W)) ^ F{U) 



F{S X A{W) - 0) ^ F{Uq). 

In particular F{U) -^ F{Uo) is injective and F^_w){S) = F{Uo)/F{U). 

Note that j : S X A{W) - -^ 5 x W^ has j*j*F{U) ^ F{Uo) and thus 
j*j*F/F{U) = F{Uq)/F{U) and the resuh follows by passing to the limit over 
U and S. D 

Lemma 9.10. Let f : Y -^ X be an equivariant etale morphism and Z G X an 
invariant closed subscheme such that f~^{Z) -^ Z is an isomorphism. Then for 
any presheaf F we have 

F(x,z) ^ F^YJ-^z))■ 
Proof. It is enough to check the isomorphism on stalks. We may thus assume that 
y, X are Henselian semilocal G-schemes, X has a single closed orbit Gx, and Z 
is nonempty. Since f~^{Z) = Z and Gx C Z, it follows that Y also has a single 
closed orbit and that Y ^ X. D 

Theorem 9.11. Let Z <Z X be a closed invariant smooth G-scheme of codimension 
one. Let x G Z be a rational point such that I^ = G. Let W = XxX/T^Z . There 
is an invariant neighborhood U C X of x such that for any smooth G-scheme T we 
have isomorphisms of sheaves on (U H Z) x T 

P{UxT,{UnZ)xT) — {P{-W))GNis- 

Proof. Since x has an invariant afhne neighborhood, we may shrink X and Z around 
X and assume both are affine G-schemes. We have an equivariant map X — > T^X 
which is etale at x (see the proof of Lemma 17. 3p and such that the preimage of 
TxZ is Z. Shrinking X and Z again we may assume that wc have an equivariant 
Cartesian square, 

Z ^X 



T^Z ^T^X 

where the vertical maps are etale. The argument can now continue as in JMVW061 
Theorem 23.12] to yield the result. Namely, since Z x A{W) -^ F^Z x A{W) is 
equivariant and etale we obtain equivariant and etale maps X' — > X and X' — > 
Z X A{W) by setting X' = X Xt^x Z x A{W). The preimage of Z and Z x 
coincide and are equal to Z' = Z x t^zZ. The equivariant, etale map Z' ^ Z has an 
equivariant section A which implies that Z' = A(Z) ]J Y. Now X" = X' -Y ^ X 
is equivariant and etale as is X" -^ Z x A(M^). Moreover, the preimage of Z 
and Z X are both equal to Z. Moreover, for any T, X" x T ^ X x T and 
X" xT ^ Z xT X A{W) are still equivariant and etale and induces an isomorphism 
between the preimage oi Z x T and Z xT. By Lemma 19.101 and Proposition 
we thus have isomorphisms of sheaves on Z, 

F{XxT,ZxT) < — P{X"xT,A(Z)xT) — 5" P{ZxTxA(W),ZxTxO) == {F(-W))GNis- 
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D 

When G = Z/2, using that representations are defined over any field, we can do 
better. 

Theorem 9.12. Let Z C_ X be a closed invariant smooth Z/2-scheme of codi- 
mension one. For any x £ Z , there is an invariant neighborhood U Q X of x 
and a Z /2-representation W over k such that for any smooth G-scheme T we have 
isomorphisms of sheaves on {U Cl Z) x T 

P{UxT,{UnZ)xT) — {P{-W))GNis- 

Proof Write a G Z/2 for the nontrivial element. Once we find an invariant 
neighborhood U of x, representations V and W, and an equivariant etale map 
U — ?► A(F) X A{W) such that the preimage of A(F) equals U f) Z then the argu- 
ment used in the previous theorem applies and we are done. 

We first consider the case when I^ = Z/2. Since x has an invariant afhne 
neighborhood, we may shrink X and Z around x and assume both are affine Z/2- 
schemes. Let W be the representation over k such that Wk{x) = T^X/T^Z. 

Choose a basis d/i, . . . , d/„ for O^ ^^k{x) such that crdfi = eidfi where for each 
i, e; = 1 or — 1, and the first n — 1 elements form a basis for 51^ j, <E} k(x). These lift 
to a basis dfi of O^ ^ as an Ox,x-T^odnlc, which we claim can be chosen so that 
adfi = eidfi. Indeed, any choice of lift will satisfy adfi = eidfi + a (with a mapping 
to zero in 17 y ^ (E) k(x)). A second application of a yields that a = if e^ = 1 and 
a = aa if ei = —1. In anycase dfi — a/2 satisfies the required property. Shrinking 
X if necessary, we may assume that the fi are regular. Since adfi = ^idfi, it follows 
that afi = Eifi + C, with C E k. An application of a shows that C = 0. Define an 
action on k[xi, . . . , x„] by Xi n- eiXi and define a fc-algebra map k[xi, . . . x„] — > R 
by Xi I— > fi. We thus have an equivariant map X -^ A" (with linear action just 
described) which is ctale at x, A" = A"^^ x A{W) and the puUback of A"~^ x is 
Z. 

Now suppose that I^ = e. Then X — > X/G is equivariant and is etale at a; G AT. 
Shrinking around x we may assume that X — )• X/G is etale. Shrinking X further 
we may suppose that there is an etale map X/G -> A" such that the inverse image 
of A"~^ coincides with Z/G. The composite X -^ X/G — >■ A" is then the desired 
map. D 

9.2. Proof of homotopy invariance. We remind the reader that G is an abelian 
group. If G 7^ Z/2 we also assume that k is algebraically closed. 

Theorem 9.13. Let F be a homotopy invariant presheaf with equivariant transfers 
on GSm/k. Then Hqj^^^^—, FcNis) is also a homotopy invariant presheaf with 
equivariant transfers. 



Proof. By Theorem l4.13|, HQj^^g{— , FcNis) is a presheaf with equivariant transfers 
and it remains to verify that it is homotopy invariant. The case n = is Proposition 
9.11 We may thus assume that F = Fgnis and we proceed by induction on n. Let 
X be a smooth G-scheme and consider the map tt : X x A^ —>■ X and the Leray 
spectral sequence 
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We have that 7r,F = F since 7r,F([/) = F{U x A^) = F{U). By induction we have 
that R'^TT^.F ~ for < q < n. The spectral sequence collapses by Theorem 19. 15| 
yielding the desired isomorphism H^j^^^{X; FcNis) = H^if^^^iX x A'^;Fgnis)- □ 

Lemma 9.14. Let X be a smooth G-scheme over k, Z Q X a closed invariant 
subset such that codim(Z) > 1, and x a point of X . Then there is an open invariant 
neighborhood U <^ X of x and a sequence of invariant reduced closed subschemes 
= y_i C yj) C Kj C • ■ • C Yfc in U satisfying the following two properties. 

(1) The G-schemes Yi — l^-i are smooth invariant divisors on U — Yi^i. 

(2) UnZCYk. 

Proof. The argument is similar to |VoeOO[ Lemma 4.31]. The key point is that 
under our assumptions, there is a smooth equi variant curve p : U ^>- V and so the 
induction argument of loc. cit. applies here. 

D 

Now we are ready to prove the vanishing of i?"7r»F. 

Theorem 9.15. Let G be an abelian group over the algebraically closed field k and 
let X be a smooth G-scheme. Suppose that F is a homotopy invariant equivariant 
Nisnevich .sheaf with equivariant transfers. Assume that that R'^'k^,F = for < 
q < n, and that Hqj^^^[—,F) is homotopy invariant for p < n. Then R^tt^F = 
as well. 

Proof. We may assume that X is equivariantly irreducible. We need to show that 
given an a £ Hqj^^^ {X x A^ , F) it becomes zero on an equivariant Nisnevich cover 
of X. By Theorem 18.241 there is an open dense V C X such that a\v vanishes. Let 
Z = X — V with its reduced structure. It now suffices to show that 

H^j,,^{X xA\F)^ H^6msiiX - Z) x A\ F) 

is injective locally in the equivariant Nisnevich topology on X. Using Lemma [9. 141 
we are reduced to showing that 

(9.16) i7S^,,(Spec(0^,GJ xA\F)^ ^S^..(Spec(0^„^,GJ x A^, ^) 

is injective where Z <Z X is a smooth invariant divisor. We can assume that x £ Z 
is a closed point, li G ^ Z/2 then k is algebraically closed and so we may apply 
Proposition 13.161 to O^ gx ^'^"^ ^x-zgx^ which implies that (|9.16p is identified 
with 

H^msiG x" Spec((!?^,J x Ai,F) ^ H^msiG x" Spec(0^_^,J x Ai,F). 
This is in turn identified with 

i?S^..(Spcc(O^^J X A\e,F) ^ i/S^,,(Spec(0^_^^J x A\e.F) 

where e : HSm/k -^ GSm/fc is given by e{W) ^G x" W,see Section O 

It follows from Lemma 14.41 that the homotopy invariant sheaf e^,F is also a 

presheaf with equivariant transfers on HSm/k. Thus in the case G ^ Z/2 and k is 

algebraically closed, we are reduced to showing (|9.16|) is injective when Gx = x. 
Write for simplicity X' = Spec(C'^ q^) and Z' = Spec(C'| q^) (keeping in mind 

that if G 7^ Z/2, we assume that Gx = x). Write as well i : Z' ^ X' and 

j :U' =X' - Z' -^ X'. The map (|9J6l) factors as 

/fS^,,(X' xA\F)^ H^msiX' x A^j.fF) ^ H^j,,,iX' - Z' x A^fF) 
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(where we view i^ as a sheaf on X' x A^). We show that each of these arrows is 
injective. 

First we show that 77 is injective. We begin by showing that R'^j^.F = for < 
q < n. By the inductive hypothesis we have that Hq^^^{—, F) is a homotopy invari- 
ant presheaf with equivariant transfers. Since g > we have Hqj^^^{~, F)GNis = 0. 
By Theorem 19.121 in the case G = Z/2 and Theorem 19.111 otherwise, there is a G- 
representation W such that (7J''(F)(_vy))GAris — H'^{F)(^x'xa^.Z'xa^)- By Propo- 
sition[93]we have {H'^{F)(^_w))GNis = {{H'^{F)GNis){-w)))Gms = 0. Finahy we 
have 

R'^j*F = «*-ff''(-F)(X'xAi,Z'xAi) — i*{F['^ iF)GNis)GNis — 

by Lemma 19.81 and so R'^jt.F = as claimed. Now consider the Lcray spectral 
sequence 

Hl^^^iX' X A\i?«j4j*F)) => HlW^iX' - Z',fF). 
Since R'^j^.F — for < q < n we obtain an exact sequence 

^ H'6ms{X' X k\],j*F) ^ H^j,,,{U' x A^fF) ^ i?°(X' x A\R"j,j*F). 

In particular j] is injective as required. 

It remains to show that r is injective as well. By Corollary 18.141 we have an 
injection F -^ j*j* ■ Combining this with (j9.7p we have an exact sequence 



^ F ^ j^fF ^ i*F^x'xA\z'xA^) -^ 0. 

As noted in the previous paragraph we have {{F)(^_w})GNis — (F)(X'xA1,z'xA1) as 
sheaves on Z' x A^ . Consider the long exact sequence associated to the above short 
exact sequence, 

H''-\X' xA\j^j*F) -^ H"-\Z' xA\F^^w)) ^iJ"(X'x A\F) 

^ iJ"(X' x A\j^j*F) ^ H'\Z' X A\Ff^_w))- 

It suffices to show that 7f"-^(X'xA\j,j*i^) -> iJ"-i(Z' x A\F(_n/)) is onto. For 
n > 1 we have that H''-^{Z' x A\F(_vi/)) = H"^-^ {Z' , F(_w)) = 0, by homotopy 
invariance of Fl^r\, the induction hypothesis and that Z' is a semilocal Hensel 
G-scheme with one orbit. It remains to consider n ~ 1 and show that 

F{U' X A^) = H"{X' X A\jJ*F) -^ H^{Z' x A^.F^^w)) 

is surjective. By homotopy invariance of F and i^(_vF) this map is identified with 
the map F{U') -^ F(^_^r'){Z'). By Theorem 19. Ill and (|9.7p we have a surjection 

j*j*F^U{F^_w))Gms^O 

which shows that F{U') —5- F(_vv') (^') is surjective because X' is local. We conclude 
that T is injective and the proof of the theorem is complete. D 

9.3. Applications of homotopy invariance. Our first application of the above 
work is that equivariant Zariski and equivariant Nisnevich cohomology agree. As 
before, G is abelian and k is assumed to be algebraically closed or G = Z/2 and k 
is perfect. 

Theorem 9.17. Let F be a homotopy invariant, equivariant Nisnevich sheaf with 
equivariant transfers on GSm/k. Then for any smooth G-scheme X we have an 
isomorphism 

HcZaiX^i F) - Hgj^.^^{X, F). 
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Proof. The Leray spectral sequence for Xczar ^ XoNis shows that it is enough 
to show that Hqjs^^^{S, F) = where S = Ox.Gx is the semilocal ring at an orbit. 
By Theorem [lift] and Corollary [HUS] it suffices to show that H^j^^^{J,F) = for 
any zero dimensional G-scheme over k. But this follows from Corollary 13. 101 D 

Below we write H"-(—,F) for cohomology in either the equivariant Zariski or 
equivariant Nisnevich topology with coefficients in Fgnis- 

Theorem 9.18. Let F be a homotopy invariant presheaf with equivariant transfers 
on GSni/fc. Let S be a smooth semilocal G-scheme over k. Let W be a one- 
dimensional representation and T C Ty C F(W © 1) an invariant ajfine open. 
Then H"-{S xT,F) = for any n>0. In particular, H'^iS, F) = /or ?i > 0. 

Proof. By Theorem 19.131 _//"(— . F] is a homotopy invariant presheaf with equi- 
variant transfers, in particular the second statement follows from the first (take 
T = W). By Corollary mis] it suffices to show that H'^iJ x T, F) = for any 
equivariantly irreducible zero dimensional G-scheme J over k. This is Theorem 
KM 

D 

Theorem 9.19. Let F be a homotopy invariant sheaf with equivariant transfers 
on GSm/fc. Let W be a one- dimensional representation and X a smooth affine 
G-scheme over k. Then 

H"{X X A{W) - 0, F) ^ H"{X, F) © H"{X, F(^w))- 



Proof. Write tt : X x K{W) - ^ X for the projection. By Theorem ETHl m{S x 
K{W) — 0, F) = for any smooth semilocal G-scheme 5* and any g > 0. Therefore 
the Leray spectral sequence degenerates since i?''7r*F = for g > 0. We therefore 
have iJ"(X x K{W) ~0,F) = H"{X,Tr^F). But by Proposition EH we have a 
decomposition tt^F = F © F(_i4/') of sheaves on X and so we are done. D 

9.4. The group G = Z/2. We finish this section with a construction for the case 
G = Z/2 which will be useful for the Cancellation Theorem later. Write GJ^ for 
Gm with Z/2-action given by a; i— > x^^. Note that GJ^ is not an invariant open in 
any representation. 

Define F/^-^ to be the presheaf given by 

F(_,)(X) = coker(F(X) A F{X x GfJ) 

where n ; GJ^ — > Spec(fc) is the structure map. Note that inclusion at {1} yields 
an equivariant section ii : Spec(fc) — > GJ^j. We thus have 

F{XxG-J^F{X)®F^_,){X). 

In particular if F is a presheaf with equivariant transfers, homotopy invariant, or 
a sheaf then so if F. 

Write a for the sign representation. Then P((Tffi 1) is P^ with the action [a : b] i-^ 
[—a : b] and G^j embeds into P{a ffi 1) as a closed invariant subscheme (but is not 
contained in A((t)). 

Lemma 9.20. Let X^o be the complement of GJ^ C P(cr © 1) and Z a finite, 
invariant set of closed points, disjoint from Xoo- The triple (P(cr ffi 1), Xoo, Z) is 
split over any invariant open subscheme U C G^^. 
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Proof. The argument is a simpler version of the argument given in Lemma 18.101 
The key point is that Pic((G7„ x Gf„)/Z/2) = by |Mag80[ Corollary 12]. D 

Theorem 9.21. Let F be a homotopy invariant presheaf, S be a smooth semilocal 
'L/2-scheme over k, and U C G"^ an invariant open suhscheme. Then 

H\SxU, Ferns 

Proof. As i?'(— , FcNis) are homotopy invariant presheaves with equivariant trans- 
fers, it suffices by Corollary 18.151 to treat the case when S' is a zero dimensional 
smooth Z/2-scheme. This case follows exactly as in the argument for Theorem 
18.241 replacing the use of Lemma 18.101 with Lemma 19.201 D 

Proposition 9.22. Let F be a homotopy invariant presheaf with equivariant trans- 
fers on GSni/fc. Then 

{FGNis)(-cr) = {F{-a))GNis 

for any smooth semilocal G-scheme S . 

Proof. The argument is the same as in Proposition 19.51 D 

Theorem 9.23. Let F be a homotopy invariant sheaf with equivariant transfers 
on GSm/fc. Then 

H'\X X G^, F) ^ i7"(X, F) ® i7"(X, i^(_<,)). 

Proof Write tt : X x G,'^^ ^ X iov the projection. By Theorem 19311 H'i{S x 
G'^,F) = for any smooth semilocal G-scheme S over k and g > 0. Therefore 
R'^TT^:F = for q > and so the Leray spectral sequence degenerates yielding 
H"{X X G^, F) ^ i7"(X, 7r,F). Since 7r,F ^ F (S F(_^) we are done. D 

10. Cancellation Theorem 

In this section we apply the machinery developed in the previous sections in 
order to establish a Z/2-equivariant version of Voevodsky's Cancellation Theorem. 
The argument given here is an equivariant modification of Voevodsky's argument 
in jVoelOaj . 

Suppose that (Z, z) is a Z/2- variety with invariant basepoint. Write e : Z ^t Z 
for the equivariant idempotent defined to be the composition Z — > z — ;■ Z. 

Definition 10.1. Let (Z, z) and e be as above. For Z/2-schemes X, Y define 
Goxu{XKZ,Y hZ) = {VeCorfc(XxZ,yxZ)|Vo(idxxe) = 0= (irfyoe)oV}. 
Note that it inherits a Z/2-action from that on GoTk{X x Z,Y x Z). 

This construction applies in particular to the Z/2-varieties (Gm, 1) and (G^, 1), 
where Gm is considered with trivial action and G^ has action given by x i— s- 1/x. 

Write fi, i = 1,2 for the projection fi : X x Gm x y x Gm — > G„i to the ith 
copy of Gm. Similarly write f^:Xx G^ x y x Gj^ -^ G™ to the ith copy of Gm 
(considered with trivial action). Define the rational functions 5„ and g^ by 

/r+' - 1 , . (r)r+^ ~ i 

Qri = n and Q„ = r; . 
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We consider the associated divisors Dn := D{gn) and D'^-^ := D{g^^). Of course 
these are exactly the same divisor nonequivariantly, the Z/2-actions are different. 
Observe that both Z?„ and D^ are invariant divisors. 

Notation 10.2. We write G to refer to one of G™ or G^ and g„ will correspond- 
ingly refer to either (?„ and g!^. 

Lemma 10.3 ( [VoelOal Lemma 4.1]). For any Z e CoTk{X x G,Y x G) there 
exists an N such that for all n > N the divisor Dn of gn intersects Z properly over 
X. 

For Z € CoTk{X X GrmY x Gm) the intersection Z ■ Z?„ is an equidimensional 
relative cycle for n large enough. Define Pn{Z) S Cork{X,Y) to be the projection 
to X X F of this intersection. Observe that gpn{Z) = pn{gZ) for g S Z/2. This is 
well defined up to equivariant A^-homotopy. 

Lemma 10.4 f [VoelOa| Lemmas 4.3, 4.4, 4.5]). 

(1) For W G CoTk{X,Y) and n > 1 we have /9„(W x ide) = W. 

(2) Let e denote the composition G -^ {1} — > G. Then Pn{idx e) = for all 
71 > and all g G G. 

(3) Let Z e CoTkix X G, y X G) such that p^Z is defined. Let W G c{X' , X) 
be arbitrary. Then pn{Z o (W CE) idf;) is defined and 

Pn{Z o {W ® idt;) ^ Pn{Z) oW, 

where o denotes composition of correspondences. 

(4) Let Z G Cor kiX x G, F x G) be such that p^Z is defined. Let f : X' ^ Y' 
be a morphism of schemes. Then pn{Z x f) is defined and 

Pn{Z®f)^Pn{Z)®f. 

Write I G Corfe(G, G)^/^ for the finite correspondence given by T = id^ — e. 

Proposition 10.5. There is a homotopy H G Corfc(G A G A A^G A G)^/^ g^^/j 
that Hq — Hi = T — idcAG; where t is the endomorphism o/ G A G which switches 
the factors. 

Proof. It suffices to consider the case G = GJ^j. We follow the argument of [BV08[ 
Proposition 3.2], which is the case G = G„i. 

Write p : G^ x G^ — > Syrri^G'^. Write p* for its transpose. Then p*p G 
Corfe(G^ x G^, G^ x Gf„) is equal to id + r. Write a : G^ x G^ ^ G^ x G^ for 
the map defined by (x, y) i— >■ (xy, 1). 

Define the Z/2-schemc D to have underlying scheme D — Gm x A^ and the 
Z/2-action is specified by letting the nontrivial element act by (a;, y) t-^ {x~^ , x/y). 
The map GJ^ x GJ^ — > D, {x,y) H^■ {xy,x + y) is an equivariant isomorphism. 
Therefore we have an equivariant A^-homotopy between the correspondences p and 
pa. Explicitly, we have an equivariant homotopy H : D x A^ — >■ D, given by 
(x, y, t) I— > (x, t(l + x) + (1 — t)y) which induces the desired homotopy. 

We therefore have that id + t = p^p ~ p^pa = a + ra. Now a + ra takes values 
in 1 x G,^,UG,^, x 1 and therefore id = r in Z/2 Corfc(G^ AG^, G^ AG^J/ -ai □ 

For W G c(X A G, r A G) define W ®(^) X G c(X A G A GY A G A G) by 
W (8)^^'> X = [idy (E) t) o {W (g) I) o {idx x r). 
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Lemma 10.6. Let W G Gork{X AG,Y AG)^/^ . There is an equivariant homotopy 

(j)^(j)w eCorfc(X xA^ AGAG,Y AGAGf/'^ 

such that 00 - 01 = W ®^^'> X - W «) X. 

Proof. Let H e Corfe(G x G x A^,(G x G)^/^ be the homotopy as in the previous 
proposition. We proceed as in |Sus03| Lemma 4.70]. Let cj) = ^w be defined by 

(j) = [idy ®H)o [(±(W ®X)® idAi] + 

+ [idY (g) r) o (W ® Z) o {idx ® H). 

If W is invariant then 4> is also invariant. D 

Given a presheaf of abehan groups on Sch/k denote CnF for the presheaf X M- 
F{X X A"). 

Theorem 10.7. Let G be a finite group. Let X , Y be smooth G-varieties. The 
homomorphism of simplicial abelian groups 

C* Corfe(X, Y) -^ C* Corfe(X A G, F A G) 

given by Z ^-^ Z ®T is an equivariant homotopy equivalence. 

Proof. We need to show that 

G, Corfe(X, Yf^ -> G, Corfc(X A G^„, F A Gl.f'^ 

is a weak equivalence of simplicial abelian groups. To show this we show that the 
induced map of normalized chain complexes is a quasi-isomorphism. 

First we show that this map is injective on homology groups. Suppose that 
W e CoTk{X X A",y)^/2 is a cycle such that W (g) J is a boundary. Then there is 
V e Corfe((X X A"+i) A G, y A G)^/^ ^nd a„+i(V) = W X and ^^{W) = for 
< i < n. By Lemma [10.31 there is N such that PAr(V) is defined. By Lemma [10.41 
we have that pN{diW) is defined as well. Moreover by Lemma [10.41 we have 

^^ipN(y))^PN{^^{V))^0 0<i<n 

dn+lipNiV)) = PNidn+liV)) = pAr(W ® X) = W. 

Therefore W is itself a boundary and so the map on homology is an injection. 

Now we show that the map on homology is surjective. Let V G C,iZ/2 Cork{X A 
G, y A G) be a cycle (i.e., V € Corfe((X x A") A G, F A G)^/^ satisfies ai(V) = 
for < i < n). Consider the homotopy (j) = (j)\> from Lemma [10.61 which satisfies 

00-01 =V®(^)X-V0X. 

Applying pN (with respect to the second factor of G) and using Lemma 110.41 we 
have 

Pn{V(E)I) = V 

PAr(V®(^'X) = pAr(V)(g)X. 

Let tpN = PN {<!>)■ We have 

(V'7v)o - (V'7v)i = Pw(V) ® X - V 

and so di{ipN) — PAr(i9i0v) = (because 9i0v = 08iV = 0). Thus tpN G C* Corfe(XA 
G, y A G)^/^ is a cycle. The two restrictions 

a Corfc(X A G A A\ y A G)^/^ ^ C, Corfc(X A G, y A G)^/^ 
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induced by G A^ and 1 £ A^ induce the same map in homology and so (?/'Jv)o ^ 
(^Ar)i = Pn{V) (g)I - V is a boundary in C*Z/2 GoikiX A G, F A G). D 

Finahy we have the fohowing. Let _F be a homotopy invariant sheaf with cqui- 
variant transfers. We write iJ"(X, F) for hypcrcohomology in either the cquivariant 
Zariski or equivariant Nisnevich topologies, see 19.171 

Theorem 10.8. Let X be a smooth Z/2-sc/ieme. Then 

H'\X, CZtrMY)) = H'^iX A G, C,Ztr,G{Y A G)). 

Proof. The argument is formally the same as in the nonequivariant case given all 
of the machinery developed in the previous sections. For convenience we give some 
details, focusing on the case of G^j. Consider the projection w : X x G^ — >■ X. We 
first consider the Leray spectral sequence (which is convergent as X has bounded 
cohomological dimension) 

£;f'« = HPiX, RH,C,1tr,G{Y A G^)) =^ HP+^X x G^,, CArMY A G^^J). 

Write H'^ for the qth cohomology presheaf of the complex C^,Ztr^G{Y A G^) and 
write iy = Ti'^ for its sheafification. To compute the complex M7r*C,Ztr.G(^ AGJ^) 
we use the hypcrcohomology spectral sequence, 

EP'" = RPtt.H'^ =^ HP+^{R7r,C,Ztr,G{Y A G,"„)). 

The stalks oiRPn^m are HP{Sx(Gf-,^, Hi) where S = Spec(e'^ ^^J for some smooth 
G-scheme S. By Theorem EIH] we have RPtt^HI = HP;j^^^{S x G^j,iJ9) = for 
p > 0. The spectral sequence thus degenerates and we have 

m{R7TAr.G{Y A G^„)) = TT,H1. 

The stalks of tt^HI arc Hqj.^^^{S x G^j, H^) which split into the direct sum 

H^GmsiS X G:„,H1) = H^iS) ® Hf_i)(5). 
By Proposition 19 . 221 we have that {'H'GNis){~i) = {'^1^i))GNis- Therefore we have 

Hi{^TT,CArAY A G^J) = H^iCAr^GiY A G,^J) © Hi{CArAY)). 

Thus C^ltr.GiY /\<Gm)®C^'Ltr,G{Y) -^ RTT^CZt^^G (F AG^) is a quasi-isomorphism 
and therefore 

H*{Xx<Gl,,CAr,G{Y^Gl,))^H*{X,C^Ztr,G{Y^'G'l))®H*{X,CAr,G{Y)). 

as required. D 

We finish by relating the complexes C^Xtr.Gi^m) ^^ ^^'^ ones introduced in 
Section [5j After a change of coordinates P(cr © 1) can be viewed as P^ with the 
action [a; : y] ^^ [y : x] and GJ^ becomes identified with P-'^ — {[0 : 1], [1 : 0]}. 
Consider the Cartesian square in GSm/fc 

G,^„ X Z/2 ^ A^ x Z/2 



The action on A^ x Z/2 is given by switching the factors and the map (/> sends (a;, e) 
to [x : 1] and {x,a) to [1 : x]. Note that 0"^({[O : 1], [1 : 0]}) = {[0 : 1], [1 : 0]} 
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is an equivariant isomorphism. In particular, the above square is an equivariant 
distinguished square. 

Recall that we write S"' for the topological representation sphere associated to the 
sign representation. We have Ztop{S"') = cone(Zir.G(2/2) — > Z), where Ztop{S°') is 
as in Example 15.91 From the square above, we have a quasi-isomorphism 



Write 'Ztr,G{T^) = Ztr,G{P{V ® l))/Ztr,G{P{V)) and similarly for expressions 
such as 1tr,GiX AT^). 

Theorem 10.9. Let X be a smooth Z/2-scheme and V a representation. Then 

W\X, CArMY)) = H'^iX A T^,CAr,GiY A T^)). 

Proof. It is enough to treat the case of a one dimensional representation. Using 
Theorem 14.131 and a standard spectral sequence argument, one sees that the dis- 
played map of hypcrcohomology groups can be computed as 

Exe{CArMX),CAr,G(Y)) 

where Ext is computed in D^ {G Covk). If y is a trivial representation then we 
have C^'Ltr,G{T^) — C'*(2^tr,G(Gim)/Z)[l] and if V is the sign representation then 
we have C^'Ltr,G[T'^) — C^{'Etr,G['^Zi)l'^)®tr'^top{S'^)- In either case, as both shift 
and 'Ltop{S'^) are invertible (see Lemma [5. 101) . the theorem follows from Theorem 

MM □ 
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